0.1 Bim(M) is bicommutant

Let M be a von Neumann algebra. Let Bim(M) be the tensor category of M-M-bimodules,
with monoidal product provided by Connes fusion, and let us write Bim(M ).,s C Bim(A/)
for its absorbing ideal, consisting of those bimodules that come from M & M°P-modules. Let
¢ be the left action of Bim(M) on Bim(M),ps, and 7 the right action. They are given by:

(V)=(H—VRyH) and r(V)=(Hw— HXy V),

where Vs € Bim(M), and pHyy € Bim(M)aps = Mod(M&MCP). Since End(Mod(M&M®P)) =
Bim(M&®M°P), these actions can be written as a tensor functors

Bim(M) —= Bim(M®M®P) «— Bim(M)™. (1)
The goal of this section is to prove that the two actions (1) are each other’s commutant:
(Bim(M),¢) = (Bim(M)™,r)"  (Bim(M)™,r) = (Bim(M),¢)". (2)
More generally, we will prove:

Theorem 0.1. Let M and N be non-zero von Neumann algebras. Then the obvious actions
of Bim(M) and Bim(N) on Mod(M®N) are each other’s commutants.

Setting N = M°P and using Bim(M )™ ~ Bim(M°P), we recover (2) as a special case.
Proof. Using End(Mod(M®N)) = Bim(M®N), the actions of Bim(M) and Bim(N) on
Mod(M®N) are given by:

MV = vV ® NLQNN and Wy — MLQMM ® nWh.

The half-braiding, exhibiting those two actions as commuting with each other, is the obvious
composite of interchagers and unitors:

(Vs © NL*Ny) Byen (i L?Muyr @ vW)
— (MV &M LQMM) X (NLQN X’N WN) — (MVM) X (NWN)
— (NWN) & (MVM) — (NW Xy LQNN) & (ML2M X VM)
— (ML2MM ® NWN) &M®N (MVM ® NLZNN).
We thus get two functors

Bim(M) — Bim(N)' and Bim(N) — Bim(M)’, (3)

where the commutant is in Bim(M®&N). Our goal is to show that these are equivalences
of categories. We focus on the second one, as the situation with the first one is entirely
symmetric.



An object of Bim(M)" consists of a bimodule yagnvHuany € Bim(M®N), and a half-
braiding with every bimodule 5;V3; ® yL?*Ny coming from Bim(M). By Lemma |[[,]] such an
object is equivalently determined by its half-braiding with (3 L*M ® L>M);) ® (yL>Ny). In
view of the isomorphisms

(menvHuan) Ruan (MLPM @ L*My) @ (VL*Ny)) = (manvHy) @ (L My)
(M L*M ® L*My) @ (vL*Ny)) Byen (mavHuen) = (v LPM) @ (nHuan),

this is a unitary
i - (manHy) @ (LPMyy) = (M) ® (vHuzn).
This unitary must satisfy:
o left (M®N)-linearity: cg : (manvHy) ® (L*My) = (LPM) @ (vHyan)
e right (M®N)-linearity: cy : (yanHy) @ (L*My) — (LPM) @ (NHyan)

e naturality w.r.t. End(y,L?M @ L?>M,;) = M®M°P, which upgrades cy to a tri-module
map:
CH . (]W@NH]\J@N) X (ML2M]\J) — (JMLQMM) X (M@NHM@)N)- (4)

e monoidality:
(vevHuzn) s (vL*M ® L*M,;) @ (vLANY)) B ((LPM @ L*My;) ® (vL2Ny))

ch Xid

((ML2M® L*My) ® (NLQNN)) w%w (1\J®NH ® ) D (( L*M @ L*My;) @ ( LQNN))

lid Rey

((ML*M @ L*M);) ® (vL?Ny)) . (v L*M ® L*M ;) ® (VL*Ny)) B (veyHuay)



should be equal to
(M®NHM®N) M%N ((ML2M @ L*M ;) @ (vL*N )) X (( L*M @ L*>M;) @ ( LQNN))

lid&qﬁ
(menHuen) M%'N (v L*M ® L*M @ L*M,;) ® (vL2Ny))
L*M ® |:(M®NH]\J®N) M%N (v L*M ® L*My;) ® (NLQNN))]
id®cy

L’M ® [((MLZM(X)LQM ) ® (vL*N )) X ( & HM@N)]

o

~

(wL*M @ L*M @ L*M,)) ® (vL*Ny)) B (e Huey)

lid Rp—!

(ML2M ® L2My) ® (vL2Ny)) B ((yL2M @ L2M,) © (vI2Ny)) B (venHuan),

M®N
where
¢ (WM ® L*My) @ (vL*Ny)) Ruron (LM © LPMyy) ® (vL*Ny))

— ((ML*M @ L*My;) By (v L*M ® L*Myy)) @ ((vL*Ny) By (vL*Ny))
— (uL’M ® L*M ® L*M,;) ® (yvL*Ny)

is the obvious composite of interchagers and unitors. After various simplifications, the
above requirement is the condition that the following diagram commutes:

wanHy @ L*M © L* My 72% 12M @ [menHy © L*My]

l/CH@id

MLZM QR NHy ® L2Mj\j id®cy (5)

\Lid Recyg

ML2M® L2M (029 NH]W@N &dd) L2M® [MLQM ® NH]LT@N}

(where o denotes the switch map).

Example 0.2. For yonHyeon = v L2My @ nWy € Bim(M®N) in the image of (3), the
half-braiding (4)

e (MLPM @ NWy) @ (L2My) = (nLPM) @ (L2 My @ NWy) (6)
isgiven by EQuw@n— Q@0 w.



Now suppose given ey Hyany € Bim(M®N), and a unitary ¢y satisfying all the condi-
tions listed above. The Hilbert space L2M ® H ® L*M in the middle left of (5) admits three
actions oy, ag, az of B(L*M):

ap(z) =r®ideid az(x) == id®id ®x
az(z) = (cy ®id)(id @z ® id)(c; ®id) = (id ®c;11)(id ®r ® id)(id ®cy), (7)

where the two formulas for ay agree by (5). Since ay(7) = id ® (¢ o (z ®id) o c), the
actions a; and oy commute with each other. And since ay(7) = (cg o (id ®7) o ;') ®id, the
actions ay and a3 also commute with each other. So all three a; commute with each other.
This implies in particular that the image of as is contained in the commutant of o and as,
which is B(H). So we may write

az(r) =id®a(r) ®id. (8)

for some action a of B(L*M) on H. Since a commutes with the N-N-bimodule structure
on H (as can be seen from any of the two formulas for as), we may form

NV = Homp(en (L*M, yHy) = L*M Rpreny (vHy). (9)

We claim that the functor Bim(M )" — Bim(N) : (manHuen, ca) — nVa given by (9) is an
inverse to the functor Bim(N) — Bim(M )’ from (3).

The fact that the composite Bim(N) — Bim(M)" — Bim(/N) is naturally isomorphic to
the identity is immediate from Example 0.2.

To see that the composite Bim(M)" — Bim(N) — Bim(M)’ is naturally isomorphic to the
identity, consider (yenHyen, cn) € Bim(M)" as above, mapping to yVy as in (9), mapping
o (ML*Myr @ yVi,s) as in Example 0.2, with ¢ as in (6). The desired natural unitary
isomorphism

On : mL*My @ NViy = yL* My ® Hompr2a (LM, vHy) = vanHuan

is then given by 0y(§ ® f) = f(§). It remains to check that that 6y intertwines the two
half-braidings; by Lemma [[,]| it suffices to check that it intertwines ¢ and cy. Specifically,
we must show that the vectors

(id®0y)(s(E® f@n)) = (1d®9H)(£ ®n® f)=£60 f(n)
and  cp((fp ®@id)(E®@ f@n) = en)

agree for all £, € L?M and f € V.

By (7) and (8), cy : H ® LM — L?*M ® H is equivariant for the actions o ® id and
id®a of B(L?M)®?* on H® L*M and on L*M ® H. Since Oy : L*M ® V — H is B(L*M)-
equivariant, it follows that

(id®@(cob;'))ocyo (g ®id): PMQV @ L*M — L*M @V ® L*M (10)



is B(L*M)®?-equivariant (where o denotes the switch map). The map (10) is therefore of
the form £ ® f @ n — £ ® u(f) ® n for some unitary u € U(V'). Equivalently,

e = (id® (0 00)) o (id®u®id) o (05 ®id).
By (5), u? = u. Hence u = 1. Therefore cy = (id® (0 0 7)) o (0" ®id), and

cu(f(§)®@n) = f(n). O

0.2 Rep(G) is bicommutant

Let G be a discrete group, and let NG be the von Neumann algebra generated by the left
regular action of G' on (2G. In this section, we prove that the left action of Rep(G) on
Rep(NG) is its own commutant:

Rep(G) = Rep(GY’,

where the action of V' € Rep(G) on H € Rep(NG) is given by H — V ® H.
Since End(Rep(NG)) = Bim(NG), the action of Rep(G) — End(Rep(NG)) can be written
as a tensor functor

Rep(G) — Bim(NG). (11)

The bimodule associated to V' € Rep(G) (i.e. to the functor V@ — : H — V ® H)
has underlying vector space V ® ¢?G, with left action v ® £ — gv ® ¢, and right action
vR®E— v®Eg. We encode this information by writing

(11)

V NGv®N(;f2GNg, (12)

where the colours indicate the NG-bimodule structure on V ® ¢2G. The action coherence
isomorphism

(naV ® NG’ngNG) Mye(veW & NG€2GNG) = ((naV @ NeW) ® NGEZGNG);

ensuring that (12) is indeed a tensor functor, is given by (v ®d,) X (w ® 6p) — v ® gw @ dgp,.
But the action of Rep(G) on Rep(NG) is not just a functor Rep(G) — End(Rep(NG)).
It’s a functor

Rep(G) — Endgepc)(Rep(NG)) (13)

Vi (vaV @ nal’Gre, (0vw ) werep(a))
with oy is given by

(naV ® NGEQGNG) Mye(veW ® NG‘EzGNG) — (neW ® NG’€2GNG) Ryc(veV ® NngGNG)
(v®6,) K (w® ) (gw®d,) X (g7 v ). (14)



Our goal is to show that the functor (13) : Rep(G) — Rep(G)’ is an equivalence. An
object of Rep(G)’ consists of an NG-NG-bimodule H and a unitary half-braiding ¢y =
(SH,v ) verep(c) With every bimodule ngV @ yol?Gne for V € Rep(G), natural with respect
to endomorphisms coming from Endgepc) (V). By Lemma [[77]], this is equivalent to having
a half-braiding with just the bimodule

Nol?G ® nel*G e
corresponding to the regular representation /2G' € Rep(G). Such a half-braiding is a unitary
cn = saec  (vaHye) X’NG(N(:KQG ® NG£2GNG) — (NG€2G ® NGﬁGNG) Mye(veHye)
satisfying various coherences. In view of the isomorphisms

(veHne) Ry (valPG @ nal’Gre) — naH @ CPGre 1 ER (5, @ 61) > £g @ Jg-1p, (15)
(val?’G @ Nel?Gre) Bna(veHye) = nel’G @ naHie : (0, ® 6,) KE — 6, ® he,  (16)

this is equivalent to an NG-NG bimodule isomorphism
e naH @ PGng — nolPG @ noH e (17)

again satisfying various coherences. Writing

cn(€® ) =38, ® cgu(6), (18)

we get a matrix of maps ¢y, : H — H indexed by pairs of group elements. The unitarity of
cir is the claim that >, cgncy ), = dg=xidg and Y ¢} ,cgr = Op=p idy, where the sums are
in the strong operator topology. A matrix of maps (¢, ;) defines a half-braiding if and only
if it is unitary, and the following conditions are satisfied:

o left G-linearity: cy(k§ ® dn) = >, 0y ® cgn(k€) is equal to key(§ @ o) = >, Oy @
kegn(§) = 22,09 @ keg—141(§). Equivalently,

cgn(k) = keg-141(§)
for all g, h, k € G.

o right G-linearity: cy(§ ® dn) = 32,0y @ conr(§) is equal to cg(§ @ dp)k = -, 0, @
cg.n(€)k. Equivalently,
Cg i (§) = con(§)k

for all g, h, k € G.

e naturality for the action of G C Endgep(c) ?°G on no0*G ® nal?G ne, thus upgrading
cy to a tri-module isomorphism

. 2 2 .
Ch NGHNG' & NG‘E GNG — NGE GNG & NGHNG :
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cr(§h @ 1) = 32, 0y @ cgp-1(Ek) is equal to D dgr @ con(§) = D, 0y @ cop—1 n(§).
Equivalently,

cgk-11(Ek) = cgr-1(§)
for all g, h, k € G.

e monoidality:

(veHre) Rye(valPG @ noPGre) Ry (v PG @ v PGre)

ch Xid

(NGfQG ® NGEQGNG) Xne(vaHve) Ry (s MG ® A\'(;EQGNG)

lid Ney

(Nal?G @ NelPG ) Bye(valPG @ NolPGrve) By (vo Hve)

should be equal to

(vaHne) Bne(va PG @ naPGre) Buvo (v PG @ v PG e)

id K¢

(vaH o) Rye(valPG @ PG @ yol*’Gre)

o)

v

@G (veHyve) Byve(va PG @ vol’Gre)

D cn
L

@G (Nal’G @ NalPG ) By (vo Hng)

o)

v

(valPG @ PG @ nalPG ) By (veHye)

$~”id

~

(val?G @ NalPG i) Kna(valPG @ na PG ) K (v Hie),
where

¢ : (Nal’G @ NalPGrne) Rna(nalPG @ nal’Gre) — nolPG @ PG @ yol*Gre
(60 ® 63) B (8, © 51) = 00 © G109 © Son. (19)



In view of the isomorphisms

(vaHne) Ry (velPG @ nol*Gre) By (v lPG @ v l?Gre) = noH @ (PG ® (G g
EX (0 @ 6p) W (69 ® 0p) > €a ® 0g-1p9 ® dg-1p, (20)

(val?G ® Nal*Grne) Rna(vaH ve) Ryva (v PG @ vilPGra) — nal?G @ noH @ PG
(60 @ 65) ER (8, ® 63) s 60 @ bEG @ 6,1n (21)

(NGé2G X NG’EQGNG> gx\’G(NGEQG ® nal*G YRy (v Hye) = Nel?G @ NolPG @ naH g
((5a ® (Sb) X ((Sg &® 5h) X f — 5a & 51)9 ® bhf (22)

the above requirement translates into the condition that

voH @ (G @ (PGne
J/CH®id : §®5h®5kP—>Zg 59@09’}1(5)@5;@
NGlPG ® noH ® PG
lid ®cp : §gRER =, §g®pRch 1 (§)
NelPG @ nalPG @ neH e
should be equal to
NvoH ® 02G ® PG ye
l@ cy: §®5h®5k'—>2g 6g®5gh®cg,hk(£)

Nel?G @ nolPG @ NnoH e

i.e., Zg,h’ 5g X 5h’ ® Ch’,k<cg,h(€>> = Zg 59 & (5gh & Cg,hk(g) for all 5 S f]7 h,k} € G.
Equivalently:

D 0w @ e ilcon(€)) = Sgn ® comr(é)
h,

for all € € H, g,h,k € G. This means that ¢y k(c,n(§)) = 0 when A’ # gh, and that
cgh,k(cg,h(f)) = Cg,hk<§> for all f € H, g, hea@q.

The formulas (o], 1], [/ above can be checked by the following diagram chases:
(15)Xid (20)
(€@ dp) X (61 ® dn) < X (01 ® 6p) K (01 @ ) = R0 Q0
Jen®id JRHS of

(16)Rid (21)
(22909 ® cop(€)) W (01 ® ) = D0 (0 @ 01) Wy (§) W (01 ®0p) = D0 0y @ cop(E) @ 0n



idX(15) (21)
(0 ®01) X (€ @ 6p) i (0a ® 01) MEX (6, @ 6p) ¥ 0a @ € @ Op

lid ®cy AR(16) 2% IRHS of
(0o ®01) B (D2, 05 @ cgnl§)) < 22,(00 ®01) W (6, ®01) Wegn(§) = 32,00 ® g ® con(€)

id X(19) (20)
EX (01 ® I ® Opn) A EX (61 ® 6p) W (61 ® Ip) — £® 0 R 0y
1®vecen (19)mid o) JRHS of
(D24 0g ® 0 ®01) Wegm(§) 4 D0, (0g @ dgp) B (01 @ dgny-1) Wegpn(§) H D2, 04 ® gy ® copn(§)

Gathering everything in one place, the conditions that the matrix (c,;) should satisfy are:

2 nCahChn = 2onChgChk = Og=k idy (23)
Crgn(§) = kegn(k™E) (24)
cgnk(§) = con(§)k (25)

cabn(§) = cpn(EK7) (26)

Cu ki (Cgn(§)) = Ow=gnCq,ni(§) (27)

From (24) and (25) above, we see that ¢, is completely determined by e := ¢;; € B(H) via
the formula ¢y, () = ge(g~'€)h. We then also have ¢} ,,(§) = ge*(97'¢h™).

Example 0.3. For H = gV ® nol?G e in the image of the functor (13), the half-braiding
(17) is given by
neV ® NalPG ® PGrne — nel’G @ neV @ NalPGhre (28)
VRI, R0, G, QU ® dgn,
as can be seen by pre- and post-composing (14) by the isomorphisms (15) and (16):

(15) ;
V8, ® 0 i (v®8,) B (6 ® ) (8,08,) R (v e ) 6, ®v® i

The maps ¢y are then given by
Cgﬁ(?} X 5k) = Og=k V&R 6gha (29)

e(v ® dy) = §y—1 v ® &; is the orthogonal projection onto V =V @ C§; C V @ (*G, and the
conjugation action £ — g€g~! of G on H = V ® (2@ restricts to the given action of G on
V CH.

Lemma 0.4. The conditions (23), (26) and (27) satisfied by c, ), are equivalent to the fol-
lowing conditions for e:

e=¢e=¢" (30)
>o,9e(g™iE) = ¢ (31)
e(ge(§)) = dg=1€() (32)
ge(§)g™ = e(gég™) (33)
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Proof. Expressed in terms of e, (23), (26), (27) become

Sopgelg ke (kRN h =30 he (B he(h™ kg ™) = Gg—é
gke((gk) ™' )h = ge(g~ "¢k~ )kh
we(w ™ ge(g )Mk = du—gnge(g™ ')k,

which readily simplify to:

Snge(g ke (ERT1))h = §y—iké (34

>ophe (e(h™€)kg™) = §4-1€ (35

ke(k™¢) = e(€k Mk (36

we(w ™ ge(€)h) = Sy=gnge(&)h. (37

Replacing kg by g, (34) becomes >, ge(ge*(§h))h = §,=1€. And replacing w by g/,

(37) becomes gh'e((gh’')tge(§)h) = Op—nge(&)h, which simplifies to he((h') te(§)h) =
O =ne(&)h. Relabeling some variables and simplifying, (34), (35), (36), (37) become:

~— — — —

Soe(he*(E971))g = dn=af (38)
>,9€ (e(gT Eh) = dh=a§ (39)

ge(g7'€) = e(§97)g (40)
ge(g " e(&)h) = dy=ne(é)h. (41)

Using (40), equation (41) is equivalent to e(e(§)hg™')g = d,-ne(§)h, which is equivalent to
e(e(§)h)g = dp=1e(&)hg, which is equivalent to

e(e(§)h) = dn=1e(E). (41')
Using (40), equation (41") is also equivalent to
e(he(€)) = dn=1¢(S). (417)

And using (40), the equations (38) and (39) imply > ge(e*(g'¢)) = >_, ge*(e(97'€)) = &.
Letting ey(§) := ge(g~'€), this can be rewritten as > eye; = 3 eye, = 1. Tt follows that
eg = €4€,, and that e, is self-adjoint:

_ * * *
eg = E eqehe), = g Og=h€ne}, = €g4€,.
h h

From (41”), we also learn that ege;, = d,—pey. So the e, are orthogonal projections adding
up to 1. Equations (38), (39), (40), (41”) are therefore equivalent to

e=¢e=c¢"

> ogge(e(g™1€)) =¢
gelg6) =e(sg g
e(he(§)) = dn=1§
The latter are visibly equivalent to (30), (31), (32), (33). O
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Letting e,(§) = ge(g~'¢), the first three conditions (30), (31), (32) say that the e, are
orthogonal projections adding up to 1. The fourth condition (33) says that the image of e
is invariant under the conjugation action 7, : £ — g€¢g~' of G on H. We can use this to
construct a functor

Rep(G) — Rep(G) : H — (eH, 7|cn) (42)

We claim that this functor is an inverse of the functor (13) : Rep(G) — Rep(G)’. The
computations in Example 0.3 show that (42) o (13) = idgep(c)-

To show (13)0(42) = idgrep(q), take (H,sm.) € Rep(G) and consider the image of (eH, )
under the functor (13) : Rep(G) — Rep(G)’, namely:

(va(eH)na @ NalCGne, (Oemw ) werep(c)) € Rep(G)'.
The desired natural isomorphism 6 : (13) o (42) — id is given by:
O - eH @ (°G — H :n® 65, — ng.

By Lemmal|...]|, to prove that 0y intertwines o.pye. and cp,, it suffices to verify that it
intertwines ooy 2¢ and cy = sy eq. Recall that ¢g; was defined in (18), and let o, be
given by (29) from Example 0.3: 0,;(n® 0x) = dy=n ® dgn. The isomorphism 0y intertwines
oer 2 and cy if and only if it intertwines o, and ¢y . At last, we check that for n € e
and k € G:

Or(ogn(n @ 6k)) = 0 (dy=kn ® Og1) = dg—ingh agrees with

_ (40) B (41')
Con(0r(n® Ok)) = con(nk) = ge(g™'nk)h = e(nkg™")gh ="d,—xngh.

We summarize the above results in the following theorem:

Theorem 0.5. The functor Rep(G) — Endgepc)(Rep(NG)) given by V = (V & —) is an
equivalence of W* tensor categories.
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