
THE MODULAR TENSOR CATEGORY OFSU(2) AT LEVEL k

Simple objects: V0, V1, V2, . . . , Vk

Fusion rules: Vi ⊠ V1 =
⊕

j : adjacent
to i

Vj , where adjacency is with respect to this graph:

• • • • • •0 1 2 k. . .

From the above rules, we get thatVi ⊠ Vj = Vi−j ⊕Vi−j+2⊕Vi−j+4⊕ . . .⊕Vi+j−2⊕Vi+j

if 0 ≤ i − j andi + j ≤ k. And more generally:

Vi ⊠ Vj = Va ⊕ Va+2 ⊕ . . . ⊕ Vk−b−2 ⊕ Vk−b (∗)

with a = |i − j| andb = |k − (i + j)|.

Thequantum dimensionsdi = dim(Vi) are the entries of the Perron-Frobenius eigenvec-
tor of the adjacency matrix of the above graph, normalized sothatd0 = 1:

di = [i + 1]q =
qi+1 − q−(i+1)

q − q−1 = q−i + q−i+2 + q−i+4 + . . . + qi−2 + qi.

Thebalancing phasesθi : Vi → Vi are given byθi = qi+ 1
2
i2

[

Note: If one tries to adopt (∗) asdefinitionof the fusion product, then the braidingβ : Vi ⊠Vj →
Vj ⊠Vi and associatorα : (Vi⊠Vj)⊠Vl → Vi⊠(Vj ⊠Vl) must be provided by explicit formulas.
This can be done, but the formulas are messy.

]

Realizations: • It is the semi-simple quotient of the category of (finite dimensional)
tilting modules of the restricted quantum groupU res

q sl(2) specialized atq = e
πi

k+2 .
• It is also the category of projective positive energy representations of the loop

groupLSU(2) with Lie algebra cocycle given byc(f, g) = −k
2πi

∫

S1 tr(fdg).

Low level examples:

level k = 1 k = 2 k = 3

q = e
πi

k+2 q6 = 1 q8 = 1 q10 = 1

di 1 1 1
√
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arg(θi) 0 1/4 0 3/16 1/2 0 3/20 2/5 3/4
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