simplicial sets. A stratification of a topological space X is some kind of map from X
to J. Analogously, we let:

Definition 4.31 Let J be a poset and NJ its nerve. An stratification of a simplicial
set X by Jisamaps: X — NJ.
Given j € J, we also introduce the notations

Xj=57() Xg=s5"Jg) Xgi=s"(J)

4.54
Xoji=s1Js)  Xsji=s"(J5) .

where J<;, J<j, J>;, and J~; are the sub-posets of elements smaller or equal, smaller,
greater or equal, and greater than j respectively.

As for topological spaces and simplicial sets, there is an adjunction between the
category of J-stratified spaces and J-stratified simplicial sets. Given a stratified sim-
plicial set X, its geometric realization |X]| is stratified via the composite

x| 2 v -, (4.55)

where the second map is given by (jo < ... < ji;to, ..., 1) — gliilo -

Geometric realization has a right adjoint Singj given by

Sing;(X)e = || Mapy (|(AK] 9)], X).
s:Alk]—=NJ

The map Sing;(X) — NJ is given by (f : [(A[k],s)] — X) — s € Hom(A[k], NJ) =
(NI

We now define our model structure on the category of J-stratified simplicial sets.
We use the criterion, originally due to Kan, for building (cofibrantly generated) model
structures [18, section 11.3], [19, chapter 2]. Recall that the i-horn A[n,i] C An] is
the sub-simplicial set of A[n] generated by all proper faces containing the ith vertex.

Definition 4.32 Let J be a poset and sSet | NJ be the category of simplicial sets
over NJ. The stratified model structure on sSet | NJ is given by:

o The weak equivalences are a map X — Y that induces weak equivalences of
simplicial sets X<; — Y<; for all j € J.

o The generating cofibrations are the maps OA[n| — A[n], where the stratification
s: A[n] — NJ is arbitrary.

o The generating acyclic cofibrations are the maps A[n,i] C Aln], where i < n or
s assigns the same value to the nth and n — 1st vertices of A[n].

Conjecture 4.33 Assuming that J doesn’t have infinite descending chains, then def-
inition 4.32 defines a model category structure on sSet | NJ.
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The fibrations in this conjectured model category are what we call stratified fibra-
tions of simplicial sets. Using this model category, there exists an analog of Theorem
4.29 for lists across stratified fibrations.

We expect that the geometric realization of a stratified fibration of simplicial sets
is a stratified fibration of spaces.

4.8 Geometric realization

In [30], Quillen showed that the geometric realization of a Kan fibration is a Serre
fibration. We beleive that the corresponding fact also holds for stratified fibrations
(Theorem 4.38).

We have been able to prove this fact only assuming the following technical result:

Conjecture 4.34 Let p: E — X be a map of stratified topological spaces and j € J
an element such that B, = X3, = (0 for all elements k € J which are not comparable
with j.

Suppose that p can be written as

E Lrj<—p—FE
lp = pushout lﬁ lﬁ lp (4.56)
X Xoj=—X—X

If the three maps p, p and E— Esj Xx., X are stratified fibrations, then so is p.

The archetype for a Serre fibration is the projection map F' x X — X. Any Serre
fibration is locally a retract of one of that form. The following Lemma provides a
similar archetype for stratified fibrations.

Lemma 4.35 Let X be be a J-stratified space and let ({F;},{rj; : F; — Fy}i<y)
be a diagram of spaces indexed by J. Suppose moreover that all the r;; are Serre
fibrations. Let E be the space

E:]_[ijxzj/w, (4.57)
J

where (v, ) ~ (r;;:(v),z) for allz € X>; andv € F;. Then the projectionp : E — X
s a stratified fibration.

Proof. Since stratified fibration is a local property, we may assume that J is finite. We
prove the lemma by induction on the size of J. We assume that it holds for |J| = j—1
and want to show that it holds for |J| = j. Without loss of generality, we can assume
that J ={1,...,j}.

59



The map p: £ — X is a pushout of

Fi x Xj<—F; 1 X X;~——F'

| |

Xjm—oX . X

where

E =] F x ij,/ ~ . (4.58)

J'<j
The map £’ — X is a stratified fibrations by induction. The conditions of Conjecture
4.34 are satisfied and so p is a stratified fibration. O

In order to apply Lemma 4.35 to the question of geometric realization, we show
the following technical lemma.

Lemma 4.36 Let p : E — Aln] be a stratified fibration. Given a face o : Alk] —
Aln] we let T'(o;p) denote the simplicial set of sections of oc*p. We then have a
homeomorphism

El= I Ieplxat /(s

o:Alk]—Aln]

di(0)7x> ~ (Svdi(x))v (4’59>

where d; : Aln]y — Anlp_1 and d* : AF=1 — A* are the face and coface maps.

Proof. Given a face o : Alk] — Aln], we build a map f, : |I'(o;p)| x A* — |E|. Let
((1,t),y) € [T(c;p)| x A* be a point, where 7 € I'(0;p),, t € A", and y € AF. The
adjoint of 7 : A[r] — I'(o; p) is a map

7:Alr] x Alk] — 0" E.

which commutes with the projections to A[k].

For suitable map x : A[m] — Alk], there exists an embedding ¢ : A[r] x Alk] —
A[m] making the diagram

Alr] x Alk] ——= o*E (4.60)

7
2 o*p

Afm] —— A[k]

commute (one can always pick m = (r + 1)(k + 1) — 1). The fibers of || and |k o ¢|
are all contractible, so ¢ is a directed cofibration. Therefore (4.60) admits a lift v.
Let v : A[m| — E be the composite of v with the inclusion ¢*E <— E. The adjoint
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of ¢+ then fits into the following commutative triangle:

I'(o; k) (4.61)

T

Alr] —=T(o;p).

Let z := |i|(y). The preimage under & of the ith vertex of Alk] is isomorphic to some
sub-simplex A[¢;] C A[m]. The simplicial set of sections of x is isomorphic to the
product

[(o; k) = Allg] x Allq] x ... x Ally], (4.62)

so we can view z as a point in [] A%. The simplex A™ can be identified with the join
A% % x A’ so we get a corresponding projection map

o (NO X AP X% Mv) % AR 5 AT (4.63)

At this point, we let z := go(x,y) € A™ and define f,((7,t),y) := (7, 2).

We now show that f, is well defined. Let us replace ¢ by ¢/ := d'or : Afr] x Alk] —
A[m + 1]. Then we have d;(v') = v and therefore also d;(¥') = v. Composing with
d": Alm] — Alm+1] induces a map I'(, k) — I'(0, k) which, under the isomorphism
(4.62) becomes

1><><dj><><1A[€0]X XA[&L]X XAwk]
— Allo] x ... X Ally + 1] x ... x A[lg]

for some appropriate j and a. We have a commutative diagram

%)
(Afo x ..ox Afe o AfR) ——s Am
1x...xd?x...x1 d

(AZOx...xAéa“x...xAék)LAm

and we can now compute

(', 2) = (17', o' (2, y)) = (17', O (|7|(¢), y)) = (D', gp’(}(lx cooxdx .. x1) o Z}(t),y))
= (7, d'o(|t|(t),y)) = (7, dp(z,y)) = (V,d'(2)) = (di(V),2) = (,2).

This shows us that f,((7,t),y) doesn’t depend on the choice of ¢ : A[r]|xA[k] — A[m)].

We now assemble all the f, to get a map f from the RHS of (4.59) to |E|. Suppose
that we have two equivalent points ((7,t),y) € |[(o;p)| x A¥ and ((7,t),y') €
IT(0";p)] x A1 where o/ = d;i(0). We can assume that t = ', y = di(y’) and
7' = 7 o res where res : I'(o,p) — I'(¢';p) is the restriction map. The map 7 :
Alr] x Alk — 1] — o’"E is then the pullback of 7 along the map d' : A[k — 1] — A[k].
We may also take ¢/, k’, / to be the corresponding pullbacks of ¢, k, v. We then have
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V' = drv, where d; is some appropriate composition of face maps and i’ = res o [,
where res : I'(0, k) — ['(d;(0), k") is the restriction. Under the isomorphism (4.62),
this restriction map become the projection

pr;  Allo] X .o X A[l] % .. x A[ly] — Allg] % ... x All] x ... x Alty].

It satisfies the equation ¢(t,d’(x)) = d'(¢/(pr;(t),2)). Putting all this together, we
see that

fo (7 1),y) = (7, 2") = (7, &' (', 9)) = (¥, & (71(1), ¢))
= (dp,¢'(|res o i|(t),y")) = (7,d"¢(|pr; o i|(t), 1))
= (7, ¢(|71(t), d'(y))) = (7, e(Jil(t),y)) = (7, ¢(z,y)) = (7, 2) = f-((7,1),y).

This finishes the proof that f : [RHS of (4.59)] — |E| is well defined.
Finally, we show that f is an isomorphism. We do this by constructing an inverse
f~L Let (7, 2) € |E| be a point given by 7 € E,, and z € A™. We assume furthermore

that 7 is non-degenerate and that z € A™. Let o be the smallest sub-simplex of A[n]
such that p o  factorizes as

v

Alm| ——F
| |

A[k] —Z= A[n].

(4.64)

The map (4.63) is an isomorphism over ﬁk, so we can define (z,y) := ¢ 1(2).

Now we consider the standard triangulation of A% x ... x A%. Let o : A" —
A% x ... x A% be a simplex in the image of which x lies and ¢ := o~ !(z) € A". We
let 7 be the composite

7 Alr] 2 Allg] x ... x Ally] =T(o; k) — T(o;p). (4.65)

The image of (7, 2) under the map f~! is then declared to be ((7,t),y). This shows
that f is an isomorphism and thus finishes the proof of the lemma. O
Lemma 4.36 and Lemma 4.35 together imply

Lemma 4.37 Let s : A[n] — NJ be a stratification and |s| : A" — J the induced
stratification on the geometric realization.

Let p : E — Aln] be a stratified fibration with respect to s. Then its geometric
realization |p| : |E| — A™ is a stratified fibration with respect to |s|.

Proof. Let 5 be the stratification of A™ by it’s poset of faces. We first show that |p|
is a stratified fibration with the respect s.

By Lemma 4.36, |p| is of the form (4.57) where the F}’s are replaced by |I'(o; E)].
In order to apply Conjecture 4.34, we need to show that the restriction maps |I'(o; E)| —
II'(0’; E)| are Serre fibrations. We show that the corresponding maps of simplicial

sets
r:T(o;E) — (o'} E) (4.66)
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are Kan fibrations. Indeed, a lift

A——=T (0} E) (4.67)
B —~T(c" E)
is equivalent to a lift
(Axo)U(Bxo')——=F (4.68)
Bxo- Aln).

If ¢ is an acyclic cofibration, then (Ax o)U(B x¢') < B x ¢ is a directed cofibration.
The diagram (4.68) has a lift, and so does (4.67). We conclude that (4.66) is a Kan
fibration. So by Conjecture 4.34, |p| is a stratified fibration with the respect to 3.

In order to show that |p| is a stratified fibration with respect to |s|, we appeal to
Lemma 4.30. We need to show that the restriction (4.66) are homotopy equivalences
whenever || and |o’| are in the same stratum.

So we go back to (4.67), but now A — B is an arbitrary cofibration. Again,
(Ax o)U (B x o') — B x o is a directed cofibration, so (4.68) and (4.67) have lifts.
We conclude that (4.66) is an acyclic Kan fibration. O

We can now prove the main theorem of this section (modulo Conjecture 4.34).

Theorem 4.38 If p : E — X 1is a stratified fibration of simplicial sets, then its
geometric realization |p| : |E| — |X| is a stratified fibration in the sense of definition

4.9.

Proof. The space |X| is the covered by its skeleta |X®|. So by Lemma 4.19, it’s
enough to show the result when X is finite dimensional. Let us assume by induction
that it holds when X has dimension < n.

Let X be a simplicial set of dimension n. The (n — 1)-skeleton, along with the
images of the n-simplices form a closed cover of | X|. So by Lemma 4.19, it’s enough to
show that the restrictions of |p| to these various subspaces are all stratified fibrations.

The map |E|xwm-1| — [X™| is a stratified fibration by induction, so we concen-
trate on the other case. Let o : A[n] — X be a simplex and K its image in X. To
show that |E| K} — | K| is a stratified fibration, we write it as a pushout of

|Elz| =— |Eloam)|— | E|ap] (4.69)

C i

7] AN —— A",

where Z is the image of 9A[n] in X. The leftmost vertical map is a stratified fibration
by the induction hypothesis. The rightmost map is a stratified fibration by Lemma
4.37. Therefore (4.69) satisfies the hypothesis of Conjecture 4.34 and ‘E|K} — |K] is
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a stratified fibration. This finishes the inductive step. U

4.9 Equivariant stratified fibrations

In the presence of groups actions, one can develop a similar theory of stratified fi-
brations. Let K be a topological group, and F a family of subgroups (i.e. a set of
subgroups closed under subconjugacy). We work in the category (K, F)-spaces of
K-spaces with stabilizers in F. A stratification of an K-space X is a K-invariant
upper semi-continuous function s : X — J.

Definition 4.39 An equivariant generating directed cofibration is an inclusion of the
form
K/Gx A" — K/G x A", (4.70)

where A" — A" is a non-equivariant directed cofibration (see Definition 4.8), and
GeF.

An equivariant stratified fibration is a map satisfying the right lifting property
with respect to the set of equivariant generating directed cofibrations. An equivariant
directed cofibration is a map satisfying the left lifting property with respect to the class
of equivariant stratified fibrations.

The characterization of directed cofibrations given in Theorem 4.15 has an imme-
diate generalization to the equivariant situation.

Theorem 4.40 Let (B, s) be an equivariant J-stratified space and A C B a subspace.
Suppose that the image of s has no infinite descending chains (for example B is
compact). Then the following are equivalent:

o AS, — BS, is a homotopy equivalence for all j € J and all G € F.
e A — B is an equivariant directed cofibration.

Proof. The proof of Theorem 4.15 goes through word for word. U

In other words, a map A — B in (K, F)-spaces is an equivariant directed cofibra-
tion if and only if the corresponding maps on fixed points p : A — B are directed
cofibrations. Similarly, we get a characterization of equivariant stratified fibrations
in terms of non-equivariant ones.

Theorem 4.41 Let p : E — X be an equivariant stratified map. Then p is an
equivariant stratified fibrations if and only if the corresponding maps on fixed points
p: EY — X% are stratified fibrations.

Proof. The lifting problems

K/GXA”—>E A" —— G
7 7
K/Gx A" —= X AM s xG
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are equivalent.
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Chapter 5

Stratified classifying spaces

Given a poset J and a functor F' : J — Ho(spaces), a natural problem is to classify
stratified fibrations £ — X such that V factors as

1, (X) v Ho(spaces) (5.1)

NG

J

In other words, we ask for the classification question given specified homotopy types
of fibers and homotopy classes of the gluing maps.

In analogy with classical topology, we want a classifying space B such that ho-
motopy classes of stratified maps X — B are in bijection with fiber-wise homotopy
equivalence classes of stratified fibrations £ — X making (5.1) commute.

Instead of developing the general theory, we deal directly with our example of
interest: orbispaces structures.

5.1 Orbispace structures

In this section, J denotes the poset of isomorphism classes of finite groups. The order
relation is given by [H] < [G] if there exists a monomorphism H — G. Recall from
Definition 3.4 and Theorem 3.5 that an orbispace structure on a J-stratified space X
is a stratified fibration £ — X. The fibers F, over points v in the G-stratum are
K(G,1)’s, and the maps V, : F,, — F,, are injective on fundamental groups.

Definition 5.1 Let J be a collection of representatives for each isomorphism class
of finite groups. The classifying space for orbispace structures Orb is the simplicial
set whose n-simplices are given by:

e for each vertex of Aln], a group G; € J,

e for each edge of Aln|, a monomorphism ¢;; : G; — Gj,
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o for each 2-face of Aln|, an element g,j; € Gy, satisfying
Gix = Ad(gijk) dik Dij, (5.2)
o for each 3-face of Aln| these group elements satisfy the cocycle condition
Gije Gjke = Gike ¢ke(9ijk)- (5-3)

We ﬁ(]? (b” = 1 O/ﬂd g“] = gijj = 1
The stratification Orb — NJ is given by forgetting the ¢;; and the g;j,. There is
a universal orbispace structure Egn — Orb. An n-simplex of Eow is given by:

e for each vertex of Aln], a group G; € J,
e for each edge of A[n], a monomorphism ¢;; : G; — G; and an element x;; € G,
o for each 2-face of Aln|, an element g,j; € Gy, satisfying (5.2) and
Tik = Gijk Qi (Tij) Tjk, (5.4)
o for each 3-face of Aln|, the g satisfy (5.3).
We fix x;; = 1. The map Eow — Orb is given by forgetting the x;;.

The fact that |Eow| — |Orb| is an orbispace is not entirely obvious. We need to
check that Eop — Orb is a stratified fibration and that its fibers have the correct
homotopy type. This is done in the following lemma.

Lemma 5.2 The map |Eow| — |Orb| is a stratified fibration. The fiber F, over a
point v in the G-stratum is a K(G,1). The maps V : F, — F, induce injective
homomorphisms on .

Proof. It’s enough by Theorem 4.38 to check that Eg, — Orb is a stratified fibration
of simplicial sets. Let A[n, j| — Aln] be an acyclic cofibration and let

Aln, j] — Eom (5.5)

Aln] — Orb

be our usual lifting problem. So we are given groups G; on the vertices of A[n],
homomorphisms ¢;; on the edges, and elements g;;;, on the 2-faces, satisfying (5.2)
and (5.3). We are also given elements x;; on the edges of A[n,j], and we want to
extend them to the rest of the edges while respecting the relation (5.4). We do this
by a case by case study.

If n =1, then x9; € GG can be taken arbitrarily.
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If n =2 and j =0, we solve (5.4) for x5 in terms of x¢; and zgy. If n = 2 and
j =1, we solve (5.4) for xgy is terms of x¢; and x15. If n =2, j =2 and G; = G,
then ¢y is invertible and we can also solve (5.4) for zg; in terms of zgy and 5.

If n = 3, then all the x;; are already given to us, but we still need to check the
condition (5.4) on the 2-face which is not in A[n, j|. If n =3, j = 0 we compute

r13 = ¢13($C01)_190_113 o3 = G123 ¢23(¢12(I01))_191_2é 90_113 Go23 Pa23(T02) Ta3

= 0123 ¢23($01)_1¢23(9012)_1¢23($02) Toz = G123 P23(T12) T3 -

If n=3,and j =1 or 2 we can write down

Jo13 ¢13(I01) T13 = Jo13 g123 ¢23(¢12(I01))91_213 g123 ¢23($12) T23

90139123¢23(9()_112 3702) To3 = Jo23 P23 (36’02) Z23 -

If 7 =1, we start from zo3=LHS and conclude that xo3=RHS. If j = 2, we start from
zo3=RHS and conclude that xoz=LHS.

If n=3, 7 =3 and Gy = G3, then ¢93 is invertible and we can compute

To = Py (90_213 To3 Ig_gl) = oy (90_2%5 G013 P13(xo1) 713 932_31)

= ¢y (90_213 Go13 G123 P23 (P12(T01)) 9125 G123 ¢23(1'12)) = go12 P12(To1) T12

If n > 4 all the data needed for a map A[n| — Egy is already present in the map
A[n, j] — Eow. This finishes the verification that Eon — Orb is a stratified fibration.

We now check that the fibers F, have the correct homotopy type. Since the
homotopy type of fibers doesn’t depend on the particular point in a stratum, we
can assume that v is a vertex of |Orb|. So F, is the geometric realization of the
corresponding fiber of Eon — Orb. An n-simplex in that fiber is an n-simplex in
Eow where G; = G, ¢;; = 1 and g;j; = 1 for all ¢, j,k. The z;;’s satisfy (5.4), which
now reads x;; = x;;xy;, so the fiber is isomorphic to the standard model of K(G,1).

Finally, given a path v from vy to vy, we check that V. : F,, — F,, induces an
injective homomorphism of fundamental groups. As before, we assume that vy and
vy are vertices of Orb. Since V, only depends on the homotopy class v, we may also
assume that v is an edge {Gg, G1, ¢} of Orb.

Recall that V., is defined using a lift ¢ of the diagram (4.43). Such a lift

can be written explicitly. An n-simplex o of K(Gy, 1) x A[l] consists of elements
gij € Gy and numbers ¢; € {0, 1} satisfying gix = ¢;j gjx and ¢; < ¢, for ¢ < j, where
i < j range over the set of vertices of A[n]. Its image ¢(o) assigns the group G., to
the vertex ¢, the element g;; € Gy to the edges ij with £, = 0 and ¢(g;;) € G; to the
edges ij with ¢; = 1.

The map V., was defined by Precomposing ¢ with the inclusion of K (G, 1) x {1}.
In our case, we get the map K (Gp,1) — K(Gy,1) induced by ¢. So V, induces ¢ on
fundamental groups, which is injective by definition of Orb. O
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If a map X — |Orb| is simplicial with respect to some triangulation 7" of X, then
we get a group for every vertex a monomorphism for every edge and a group element
for each triangle. All these subject to the cocycle conditions (5.2) and (5.3). Inversely,
such a collection of data determines a simplicial map X — |Orb].

Definition 5.3 Let X be a J-stratified space and T an oriented triangulation of X .
Recall the set J from Definition 5.1.

An Orb-valued cocycle of X consists of a group G, € J for every vertexr v, a
monomorphism ¢, : G, — G, for every edge vw, and an element Gy € Gy for
each triangle uvw, all subject to the relations (5.2) and (5.3). Moreover, if v belongs
to the G-stratum of X, we require that G, ~ G.

An Eow-valued cocycle is an Orb-valued cocycle along with elements x,,, € G, for
each edge vw, subject (5.4).

Two cocycles ¢, ¢ on X are equivalent if ¢ U extends to a cocycle on X x [0, 1].

Given a stratified map X — |Orb|, the pullback of | Egn| to X induces an orbispace
structure on X. This provides a bijection between homotopy classes of maps into
|Orb| and orbispace structures on X. In other words, |Orb| is a classifying space for
orbispace structures.

Theorem 5.4 Let J be the poset of isomorphism classes of finite sets. Given a J-
stratified space X, the assignment f — f*|Eow| provides a bijection

Homotopy classes of - Isomorphism classes of (5.7)
J-stratified maps X — |Orb|. orbispace structures on X. ’

Proof. We first show that the orbifold structure f*|Eos| only depends on the homo-
topy class of f. Let f’ be another map and h : X x [0, 1] — |Orb| a homotopy between
f and f’. Composing the lift of

I Eor| ——— h*| Eom| (5.8)

[ Eow| x [0, 1] —= X x [0, 1]

with the inclusion i1 : f*|Eow| — [*|Eow| X [0,1] produces a map f*|Eow| —
™| Eom|. Another application of the homotopy lifting property shows that f*|Eom|
and f"”|Eow| are actually homotopy equivalent as spaces over X (one could also use
Theorem 4.21).

Given an orbispace structure £ — X, we now construct a map f : X — |Orb|
such that £ ~ f*|Egw|. Let 7 be an oriented triangulation of X. For every vertex
v, we pick a point b, in the fiber F, and an isomorphism «,, : 7 (F,,b,) — G, for an
appropriate G, € J. For each edge vw, we pick a path ,, over that edge, linking
b, to b,. Such an edge induces a group homomorphism (ﬁvw 1 (Fyy by) — w1 (Foy, by)
by sending a loop y € m(F,,by) t0 7, - ¥ - Yow and then pushing it into F,. Let
Gow = Qi O Gy © vy L For each triangle uvw of X, the three paths Yuw, Yue and Yo,
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assemble to a loop S — E. Pushing it into F,, produces an element of 7, (F,, by).
We let guww € G. be the image of that loop under a,,. One now checks that ¢ =
{Gy, Dvws Guvw } 18 an Orb-valued cocycle on X i.e. a map f: X — |Orb|:

( ) v Yuw Yow v A\ Yow Yuw Yow
¢ ww y — —_
N ) . Yuv .

Yuw Yuw < : Yuw
= Juvw ¢vw(¢uv (y))g;vlw = (Ad(guvw)¢vw¢uv) (y)

- Yow T
B Yuv Yvz Yoz | _ Yuv Twz
Guow Jowz = . Yoz B
~ _ : Yuz
Yuw Twz b \
_ - Yuv 4 Jwz | = Gowz Dwz(Guvw)-
Juz e

Suppose that we make some other choices {77,b.,,a/,,~.,...}. These give a cocycle
¢ and a corresponding map f’. Let 7" be a triangulation of X x [0, 1] that restricts
to7 on X x {0} and to 7" on X x {1}. Extend {~vyw, ..} to all the edges of 7".
This produces a cocycle ¢’ on X x [0, 1] extending ¢ LI ¢, in other words a homotopy
between f and f’.

We now show that f doesn’t change when we replace E by another space £’ which
is homotopy equivalent over X. Let e : £ — E’ be such an equivalence. One then
checks that V), := e(b,), o/, := a, o mi(e|p,)™ !, and 7, := € 0 7,, induce the same

cocycle as by, @y, Ypw- This finishes the proof that f: X — |Orb| is well defined up to
homotopy.

We now show that f*|Eow| — X is equivalent to the original orbispace £ — X.
A simplex of f*|Eosm| is the same thing as a simplex o C X along with data {z,,}
extending the Orb-valued cocycle ¢|, to an Egu-valued cocycle. We use the notation
[0, {xyw }] to denote such a simplex.

We now describe an equivalence e : f*|Egwp| — E. It sends the O-simplex of
K(Gy,1) to z,. Given an edge [vw, x] of f*|Eow|, consider the path 7y, - Apw, Where
Aow = e(az'(x)). Using Lemma 4.17, that path can be rectified to a path &,, over
the edge vw. We then let e(vw, x) := €.

So far, we have constructed the map e on sk; (f*|Eom|). We now use obstruction
theory to extend it to the whole f*|Eomw|. By Theorem 4.29, the obstructions to
finding a lift

ski(f*| Eow|) —;E (5.9)
f*|E07rl;.. X
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lie in H**(f*|Eomwl, ski(f*|Eom|); e F'). Since all the fibers are K(7,1)’s, we only
need to check that the obstruction in

H?(f*| Eow| , ski(f*| Eow|); m F) = I ¢ (5.10)

2-simplices
[uvw,{zuv,Tuw,Tvw}]

vanishes. So, for each 2-simplex [uvw, {Zuy, Tuw, Tow }] of f*|Eom|, we need to check
that the loop composed of €., €4, and &, represents the trivial element in 7 (F,).
Equivalently, we show that the loops A, and %_ul, v Aww * Yow * A are homotopic:

Auw@ = Tyw = Juvw ¢vw (Iuv) Tyw

)\’U,U

Yuv Yow

In order to finish the proof, we need to show that the map f’ : X — |Orb|
associated to f*|Eom| is homotopic to f. By naturality, it’s enough to check this
when X = |Orb| and f = Id. In that case, the triangulation of |Orb| may be taken to
be the standard one. The points x, may be taken to be the 0-simplices of |Egyw|, we
can pick the a, to be the identity, and we can choose the edges of |Egn| with zg; =1
for our paths 7,,. It is then easy to check that the corresponding Orb-valued cocycle
on |Orb| gives the identity map Id : |Orb| — |Orb]. O

The orbispace |Egw| — |Orb| has the following other universal property. It is a
terminal object up to homotopy in the category of orbispaces and representable maps.

Theorem 5.5 Let E — X be an orbispace. Then the space of representable orbispace
maps (E, X) — (|Eow|, |Orb|) is weakly contractible.

Proof. To show that M := Map((E, X), (|Eomw|, |Orb|)) is weakly contractible, it’s
enough that any map S™ — M is nullhomotopic. But a map S™ — M is the same
thing as amap S" X (E, X) — (|Eoml, |Orb|). So, by letting S™x (E, X) play the role of
(E, X), it’s enough to show that any two maps (f,¢), (f',¢') : (E,X) — (|Eowl, |Orb|)
are homotopic. Without loss of generality, we may assume that g is a map classifying
F— X.

Let 7 be a triangulation of X such that the image ¢'(0) of every simplex o € T
lands in a simplex of |Orb|. For each vertex v € X, we consider the simplex 7, C |Orb|
in the interior of which ¢’(v) lies. By sending v to the Oth vertex of 7, and extending
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linearly we obtain a new map ¢” : X — |Orb|. Moreover, the straight line homotopy
between ¢’ and ¢” preserves the stratification of |Orb|. So, by the homotopy lifting
property, it lifts to a homotopy from f” to some other map E — |Eg|. This reduces
us to the case when ¢’ : X — |Orb| is compatible with the triangulations.

Now, fix g : X — |Orb| to be the particular map constructed in the proof of
Theorem 5.4 using 7. At this point, we may also replace (F, X) by the equivalent
orbispace (f*|Eomw|, X). Finally, using a fiber-wise homotopy, the map f*|Eogm| —
| Eow| can be replaced by a map respecting the two triangulations. We have equipped
all our spaces with triangulations and reduced to the case when all the maps respect
the triangulations. Therefore, we can assume that £ and X were simplicial sets to
begin with.

We are reduced to the following situation. We have a simplicial set X and a map
g: X — Orb. Welet f : g"Eow, — FEom be the canonical map. We then have
another pair of maps (f’, ¢') commuting with the projections, and we want a diagram
homotopy between the two diagrams

l l and l l (5.12)
X d Orb X —2 > Orb.

We begin by writing down a homotopy h : X x A[l] — Eou between g and ¢'.
For each n-simplex o € X, we write down the restriction of h to the corresponding
sub-simplicial set A[n] x A[1l] € X x A[l]. Namely, we write down an Orb-valued
cocycle on A[n] x A[l]. Let {Gi, ¢ij, giji}) == g(o) and {G}, ¢}, 91 }) = g'(0). Let
F, = K(G;,1) C Eow be the fiber over the ith vertex of ¢g(¢), and F} = K(Gj,1) the
fiber over the ith vertex of ¢’(c). Let ¥, : G; — G’ be the homomorphism induced by
f': F; — F!. Note that v; is injective because f’ was assumed to be representable.
Finally, let y;; € G’ be such that {G}, G, ¢;, yi;} is the image of {G, G, ¢y5, 1} under
f'. The y,; satisfy the conditions

Gi; Vi = Ad(yij) V5 dij and Giie Vi Wig) Yk = Yir Ur(Gijn), (5.13)

which are best verified pictorially:

f'(a) Yij f'(a) " Yij
PRI | B P S
. . . . 1

1

a
= v/ g v+ = Ad(yy)v; ¢y
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and

, / 1 1 Yii 4 Yik
Yijk ¢jk(yij)yjk = 1 1 1 1
Yik Yii Yyk Yik 1 1
_ _ f/
= _& : = —& 1
1 Yik . 1
= Yik wk(gijk)-

We now write the cocycle on A[n| x A[l] explicitly. We use lower indices for the
A[n] coordinate and upper indices for the A[1] coordinate:

G =G, Gl =G 00 _ .. 0 — gt oy 1 _
000 . ' i = 9 ¢4 ¥ i = 9 (5.14)

_ 001 _ -1 011 _ mr
Gijk = Yijk Yijk = Yik wk(gijk)yjk 9ijk = gzyk Yijk = Yijk-

We then check the cocycle conditions (5.2) and (5.3) using (5.13):

o = O i = Ad(yir) Yk G = Ad(gihr Y Vi (g5)) Ur Dik
= Ad(g7p ) Ad (i) Ve Ad(g55) D
= Ad(g3 )1, b5 O3t Gik bis = Ad(gihr ) O 5 bis = Ad(giin )P Doy

zk = Oy Vi = Ad(yaw)r dir = Ad(gglkl)Ad(gz{jk_l)Ad(yik)wk Pik
= Ad(g0) Ad(gl; )l b = Ad(glt) bl 0l s = Ad(gl )bt S

93k Gone = Yie Ve(9i50) Y0 Yie Ve(Gine) Yii = Yie Ve Gine Pre(9ign) ) Vg

= Yie W(gzke Ad(yu) (¢z(¢kz(gzgk)))
= Yir IW( 9ire)Yrs qbkz(wk(gwk)) = g?lgél 2%(9?]018)

)Y

)

9yt G = Yie Ve( 950y Gine = Yie Ve(Gije)e(Gne) g he(ysn) ™!
)

= it Ve(Gine)Ve(Dre(Gijh) Ui Pre(Win)
= Qikz ¢M(yz‘k)A (Yre) (W(%z(giy’k)))ﬁb;z(yﬁ;)

= Gie Pe (yik ¢k(gijk)yﬁgl> = g?lclél k‘f(g'?]()k} )

9ie ikt = Gije ke = Gine Se(9ijn) = it Pre(Gige)-
Assembling the cocycles (5.14) over the simplices of X produces an Orb-valued cocycle
on X x A[l]. This is our simplicial homotopy between ¢ and ¢'.

To build the corresponding homotopy between f and f’, we proceed similarly, but
with (¢"Eom) X A[l] instead of X x A[l]. For each simplex in ¢g*Eq., we write an
Eow-valued cocycle on An| x A[l]. It is given by (5.14) and

00 __ 01 __ ./ 1 _
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where z;; and z}; are provided by the image of our simplex under f and f” respectively.
They satisfy x;; = yi;4j(z;;) which allows us to check that (5.15) satisfy the cocycle
condition (5.4):
ar =l = yae (@) = Yinlr (9ijrdin (i) T 50 )

= Yt (9i31) Yz Yinon (D50 (i) )k (5.)

= gk Uik Ve (Gin (i) )Us h1 = goe D (W5 (i), = gie Oop () )2y
x?/i =y = g;gkgbgk(a?;g)z;k = g?jlkl ﬁ(x?jl)xﬁ

Assembling all the cocycles over the simplices of ¢*Eos produces an Egn-valued
cocycle on (¢*Eow) x A[l]. This is our simplicial homotopy between f and f’. We
have constructed a commutative diagram

(9" Eow) x A[1] == Eow

l !

X x Al] —Z~ Orb,

providing a homotopy between the the two diagrams (5.12). This finishes the proof
that any two representable maps into (| Eom|, |Orb|) are homotopic. O

5.2 Quotient structures

Given a topological group K and an action K ¢Y with finite stabilizers, we can form
the quotient orbispace (FK x Y)/K — Y/K. We want to know which orbispaces
E — X are of the above form. As a first step, we classify the ways a stratified space
X can be written as Y/K.

Definition 5.6 Let J be the poset of isomorphism classes of finite sets, and X a
J-stratified space.

A K-quotient structure, on X consists of a K-space P with finite stabilizers, and
a stratified homeomorphism P/K = X, where the stratification on P/K is by the
stabilizer group. We also require that P — X be a K-equivariant stratified fibration,
where X 1is given the trivial action.

Like for orbispace structures, K-quotient structures have a classifying space.

Definition 5.7 Let K be a topological group, and let Jx be a set of representatives
for the conjugacy classes of finite subgroups of K. The classifying space for quotient
structures BK is the simplicial space whose n-simplices are given by:

o for each vertex of Alnl], a group G; € Jk,
o for each edge of Aln|, an element k;; € K satisfying

kij Giki;' C Gy, (5.16)
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o for each 2-face of Aln|, these group elements satisfy the cocycle condition

ki k?i_jlk?-_kl € Gy (517)

J

We fix ki = 1. The stratification BK — NJ is given by sending the groups G; to
their isomorphism class and forgetting the rest of the data.

There is a universal K-quotient structure EK — BK. An n-simplex of EK s
given by:

o for each vertex of Aln], a group G; € Jx and an element y;G; € K/G,;.
o for each edge of Aln|, an element k;; € K satisfying (5.16) and

yiGiky;' C y; G, (5.18)

o for each 2-face of Aln|, the k;; satisfy (5.17)
The action K ¢ EK is induced by the action on the K/G;’s.

For convenience of notation, we write (BK),, as a disjoint union of spaces (BK );{lGi}
according to the values of the G;’s. We now check that the quotient |EK|/K is home-
omorphic to |[BK| and the stratification by stabilizers agrees with the stratification
coming from BK — NJ.

Y

Lemma 5.8 Let p : EK — BK be the canonical projection, and let © € |BK]| be
a point in the G-stratum. Then the fiber |p|~'(x) is K-equivariantly isomorphic to
K/G. Moreover, letting f : (EK);{LGi} — |BK]| be the natural map, we can be write
the pullback of |EK| explicitly:

n

FIEK| = T(K/G) < (BRI < A7/ ~, (5.19)
=0
where
(yZG27 a, t) ~ (yjkm (CL)_IG], a, t) (520>

and A is identified with the last i-face of A™.

Proof. Write x = (o,t) for some non-degenerate ¢ € |[BK| and some ¢ € A", Let
{G;, kij, Giji} be the data corresponding to o. The fact that x lies in the G-stratum
means that Gog = G.

A simplex of EK whose image in BK is degenerate is necessarily itself degenerate.
This means that |p|~'(z) is isomorphic to (p,)~ (o), where p,, : (EK), — (BK), is
the map induced by p on the spaces on n-simplices.

So we need to show that (p,) '(¢) ~ K/G. A point in (p,)~!(o) is a collection
{y;G; € K/G,;} satisfying (5.18). But (5.18) determines all the y;G;’s in terms of
10Go. So the map (p,) (o) — K/G = K/G, given by {y;G;} — 4Gy is injective.
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Suppose now that we are given yoGo € K/Gy. Then letting
yiGi == yoko; G (5.21)
produces a collection satisfying (5.18):

Q yoko_ilkiglGj = yol{io_jll{?oj]{?o_ilkiglGj = yok(]_lej = ijj’ .
This shows that {y;G;} — 3Gy is a bijection. We have identified the fiber of p,,
hence the fiber |p|.
Ift € A" lies in some face A/, I = {ig...is} C {0...n}, thenits fiber {4;G.}ic(o..n}
K /Gy gets identified with {y;G;}ier ~ K/G,,. As we saw in (5.21), this is exactly
relation (5.20). O
We now finish checking that |[EK| — |BK]| is a K-quotient structure.

Lemma 5.9 Let |BK]| be given the trivial K-action. Then the map |[EK| — |BK]|
15 a K-equivariant stratified fibration.

Proof. By Theorem , we need to check that the map of H-fixed points |[EK|? —
|BK|" = |BK]| is a stratified fibration for all subgroups H < K. The space |BK]| is
covered by its skeleta, so by Lemma 4.19, it’s enough to show that |[EK|? — |BK]|,
are stratified fibrations.

We assume by induction that |[EK|? | — |BK|,_; is a stratified fibration. The
map |EK|? — |BK]|, can be written as the pushout of

[EK[;L o | EK | ———— §*|EK|" (5.23)

i | !

|§K|n—1 -~ (EK)H X aAn;L) (EK)H X An’

where 3 : (BK), x A" — |BK]| is the canonical map and a = fo¢. So by Conjecture
4.34, it’s enough to show that 3*|EK|” — (BK), x A" is a stratified fibration.

But (BK),, is the disjoint union of the (ﬁK)iLGi}. Write f : (ﬁK)iLGi} x A" for the
canonical map and recall the expression (5.19) for f*|EK]|. Taking H-fixed points,

we get

B =TT (/G x (BE) x &' [~ (5:24)
i=0
where
(ini; a,t) ~ (yz’k‘ij(a)_lGj; a,t). (5-25)

and A’ is identified with the last i-face of A™. Let G! = ky;'Gikoi. If we apply
the change of coordinates (y;G;; a,t) — (yikoi(a)G,; a,t) to (5.24), the relation (5.25)
becomes (y;,G};a,t) ~ (y:G;a,t). So we can apply Lemma 4.35 to our situation.
The projections (K/G;)" — (K/G;)# are covering spaces, in particular fibrations,
so fY|EK|T — (BK){®" x A" is a stratified fibration. O

7
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As was the case with Orb, it’s useful to introduce a notion of cocycle corresponding
BK.

Definition 5.10 Let X be a J-stratified space and T an oriented triangulation. Recall
the set Jx from definition 5.7.

A BK -valued cocycle on X consists of the following data. To each vertex v, we
associate a group in G, € Jk. For each simplexr o : A" — X of T, and for each
0 < 4,j < n, we have a function ki = kj; : A" — K. These functions satisfy
the conditions (5.16) and (5.17) where the groups G; are the ones associated to the
vertices of o.

Moreover, if v : A¥ — A" is the inclusion of a face, and if T = o o1, we require
that

ki; = ki) © b (5.26)

Two cocycles ¢, ¢ are equivalent if ¢ U ¢’ extends to a cocycle on X x [0, 1].

A BK-valued cocycle ¢ on X produces a map f : X — |BK]| as follows. Let
o : A" — X be a simplex of 7, and let {G;} be the groups associated to the vertices
of . The function f is then given by
fro@) = ({Gi, K (1)}, t) € [BK]. (5.27)
It is well defined because (5.26).
Given X an a J-stratified map X — |BK|, we can pull back |[EK| to get a

quotient structure on X. This provides a bijection between homotopy classes of maps
X — |BK]| and quotient structures on X.

Theorem 5.11 Let J be the poset of isomorphism classes of finite groups, and K a
topological group. Then, for any J-stratified space X, the assignment f — f*|EK]
provides a bijection

{ Homotopy classes of } { Isomorphism classes of } (5.28)
J-stratified maps X — |BK]|. K -quotient structures on X. ’
Proof. We first note that f*|EK| only depends on the homotopy class of f. This is
done as in (5.8), using Lemma 5.9. We also note that a K-equivariant homotopy
equivalence P = P’ between two K-quotient structures is necessarily a homeomor-
phism.

Given a K-quotient structure p : P/K = X, we build a map f : X — |BK]|
such that P ~ f*|EK|. We do this by constructing a BK-valued cocycle on X with
respect to some oriented triangulation 7.

First, for every vertex v, we pick a point b, € P, := p~!(v) whose stabilizer is in
Jrk. The groups for our BK-valued cocycle are then given by

G, = Stabg (b,). (5.29)
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Given a simplex o : A" — X, we let (G; be the group associated to its ith vertex.
We use (7 when we want to stress the dependence on 0. We also refer to the subset

{(tos .- ta) €A™ [t; = 0 for i < j,t; # 0} C A (5.30)

as the j-stratum of A", and use the notation AL, A%, as in Definition 4.4.

We now produce a sequence of K-equivariant quotients of o* P

q1 q2 dn

They come with maps to p; : Q; — A" satisfying p;_1 = p; 0 ¢;. The ¢; are isomor-
phisms over AZ,, and the isotropy groups of (); are conjugate to G; over AZ,. We
use Q7 when we want to stress the dependence on o. If 1 : A¥ — A™ is the inclusion
of a face, and 7 = 0 o, we also want inclusions Q)7 — Qf(i) commuting with the ¢;,
and such that

Q — Q% (5.32)

L

Ak _ v A"
is a pullback diagram.

We construct the Q7 by induction on dim(c) and on 4. If dim(o) =0 or i = 0 we
don’t have to do anything. So let’s assume that we have Q7 for all j if dim(7) < n
and for j < ¢ if dim(7) = n. Let ¢ : A" — X be an n-simplex and i > 0. By
(5.32), Q; is determined on the ith horn A™". Let r : A" — A™ be a deformation
retraction sending A"\ A™ into A”,. By the homotopy lifting property, 7 is covered
by a K-equivariant deformation retraction 7 : Qi1 — Qi_1|pni- We define Q; by
identifying x,y € Q;—1 if 7(z) and 7(y) have the same image in Q;|an.:.

We now construct sections s; = s7 of @7, compatible with (5.32), and such that
Staby (s;(t)) =G;  for te AL, (5.33)

On 0-simplices v, the value of s; is given by b,. Assume now by induction that we
have s7 for all simplices 7 of dimension smaller that n. Let o be an n-simplex. The
compatibility with (5.32) forces the value of s; on the i-horn. We then extend it to
A" by the homotopy extension property.

Finally, we construct the functions k;; = kf; : A" — K needed for our cocycle.
We make sure that they satisfy

kij(t) 4ij(si(t)) = s5(t), (5.34)

where ¢;; stands for for g;jqj_1...¢+1. Note that (5.34) specifies k;;(t) up to left
multiplication by an element of Stabg(s;(t)). That stabilizer group is generically
equal to G, so we only have a global ambiguity by G;. If dim(o) = 1, we pick a value
for ko at the Oth vertex, subject to (5.34). This resolves the ambiguity, thus defining
uniquely ko;. For arbitrary o, the value of k;; is given by (5.26) on some contractible
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subset of A". Again, the ambiguity is resolved, and so we have defined k;;.

We now check that {G}, k;;} satisfy the cocycle conditions (5.16) and (5.17). For
the first one, we recall that G; stabilizes s;. It therefore also stabilizes ¢;;(s;). Since
G, is the generic stabilizer of s;, (5.16) holds generically, and by continuity it holds
everywhere. The second condition holds because

Sk = ik Qi Si = Kik Gk Gij Si = Kk kiglkj_klkjk Gk kij Gij Si
= kzk k;lk]_kll{?]k qjk Sj = kzk ]{Iigll{?]-_klsk
and Stabg(sy) = Gy on a dense piece of A". This finishes the verification that
c:={G}, ki;} is a BK-valued cocycle on X. Let f : X — |BK]| be the corresponding
map.

Suppose now that we make some other choices {77, b,,Q;, s;, k;;}. These give a
cocycle ¢ and a corresponding map f’. We want to show that f and f’ are homotopic.
Let 7" be a triangulation of X x [0, 1] that restricts to 7 on X x {0} and to 7’ on
X x{1}. We can extend {Q;, Q}, si, 5;, kij, ki; } to data {Q7, s{, k;} on the simplices of
T" satistying (5.31), (5.32), (5.34). This produces a cocycle ¢ on X x [0, 1] extending
clc i.e. a homotopy between f and f’. This finishes the proof that f is well defined

up to homotopy.

We now show that f*|EK| is isomorphic to the original K-quotient structure P.
Let x = o(t) be a point of X, where 0 : A" — X is a simplex of our triangulation 7,
and t € ﬁ” We need to produce a K-equivariant map between its fiber P, in P and
the corresponding fiber (f*|EK|), = |EK|z). Recall from (5.27) that f(x) is given
by ({G;, kij(t)},t). Its fiber in |[EK| is then given by

|EK ) = {(ini) € HK/Gz’ yiGiky;'(t) € ijj}, (5.35)

and is isomorphic to K/Gy by Lemma 5.8. Now consider the fibers Q;(t) := p; '(t),
where p; are as in (5.31). Let ¢; : Q;(t) — K/G; be the unique K-map sending s;(t)
to the coset GG;. We can now write the equivalence on each fiber as

yer, — (%’ QOi(?/)) € |EK|f) (5.36)

where qo; = ¢;...q1 : P, = Qo(t) — Q;(t) is the projection. To check that the
conditions in (5.35) are satisfied by the v;(qo:(y)), we write y = aso(t) for some
a € K and compute

Vi(q0i(y)) = vi(agoi(so)) = vi(a ki ko qi(s0)) = ti(a koi'si) = aky Gy,
SO (y (qm(y))kigl = ako_ilG,-ki_jl C ak:o_ilk‘i;lGj = ako_lej = 1), (qoj(y)).

This finishes the proof that f*|EK| is isomorphic to P.

Finally, suppose we start with a map f : X — |BK|. We need to show that the
map f’ associated to P = f*|EK]| is homotopic to f. By naturality, we may assume
that X = |BK| and f = Id. Triangulate each of the spaces (BK), x A". Make sure
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that the projections (BK), x A" — A" and the attaching maps (BK), x 0A" —
| BK|,,—1 respect the triangulations. This induces a triangulation 7 of |[BK /|, which
refines the skeleton filtration. Note that the set of vertices necessarily agrees with
|BK|op. Given v = G € Jk, we let b, be the identity coset in P, = |[EK|, = K/G.
Now, we need to choose quotients @; of Qo = 0*|EK| as in (5.31). By Lemma 5.8,
Qo can be written as

Qo = ﬁK/Gj x Agj/ ~, (5.37)
=0

where (y;Gi,t) ~ (yik;;' (t)G;,t) and G; are the groups associated to the vertices of
o, and k;; are inherited from BK. We then let

0, = ﬁK/Gj X Agi/ ~ (5.38)

Pick s;(t) to be the identity coset in K/G;. Finally, the functions k;; can be taken
equal the ones which were already given to us from the beginning. They satisfy (5.34)
since

kijqijsi = kijqijGi = kz'jk‘i;lGj =G =55 (5.39)

One then checks that the corresponding map f : |BK| — |BK]| is the identity. O

The K-space |[EK| actually has an other name. It is the classifying space for the
family of finite subgroups of K. (See [Liick] for a survey of the subject.) This is the
content of the following proposition:

Proposition 5.12 Let H be a finite subgroup of K. Then the fized point set |EK |7
1s contractible.

Proof. The simplicial space EK is isomorphic to the nerve of a category C. The
objects of C are the orbits K/G for G € Jk, equipped with a choice of base point.
The morphisms are the K-equivariant, base points preserving maps between them.
Taking H-fixed points means that we restrict the set of objects to those where the
base point is H-fixed. So (EK)* is the nerve of a full subcategory C' C C. An object
of C' can also be viewed as an object of C equipped with a map from (K/H, H) € C.
But C’ has an initial object, so its nerve is contractible:
[EK|" = [(EK)"| = |C| = . B
Given a K-quotient structure P — X, we can form the corresponding orbispace

(P x FK)/K — X. This operation is represented by a stratified map |[BK| — |Orb|
which we can write explicitly:

Proposition 5.13 Let K be a topological group, and recall the sets J and Jx from
Definitions 5.1 and 5.7. Let k : Jx — J be the map sending a group G € Jk to the
unique group in J to which it is isomorphic. Let Bg : G — Kk(G) be an isomorphism.

The orbispace (|[EK| x EK)/K — |BK]| is then represented by (the realization
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of ) the map

v: BK —  Orb

{Gi kij} — {K(Gy), BjAd(Kkij)B, /Gk(kzkklglk;kl)}, (5.40)

where 3; is a shorthand notation for Bg,.

Proof. Triangulate the spaces (BK), x A" and make sure that the projections (BK),, x
A" — A™ and the attaching maps (BK), x 0A™ — |BK]|,_; respect the triangula-
tions. This induces a triangulation 7 of |BK]| refining the skeleton filtration. The
vertices of 7 agree with |BK|q = Jj.

Let 0 : A" — |BK| be a simplex of that triangulation. By Lemma 5.8, we can
write o*|EK| as

k| = [ K/Gox AT
=0

where (y;ki;j(a)Gy;a,t) ~ (y;Gy;a,t) and A" is identified with the last i-face of A",
Therefore, we can also write

(0*|EK| x EK)/K = ﬁEK/GZ- x A / ~, (5.41)

where (ZZ]{?ZJ(CL>G“ a, t) ~ (ZjGj; a, t)

We now make the choices {b;, a;,v;;} used in the proof of Theorem 5.4. Pick
some base point e € EK. Over the ith vertex of A", the fiber of (5.41) is EK/G,;.
We choose our base point b; := eG;. We have m;(EK/G;) = G; and we pick the
isomorphism «; := ;. For each i,j we pick some path ¢;; : [0,1] — EK from e to
ek;;. The paths v,; are given by

) = 4 ) "
6kijGi = eGj if 1 = ]_,

where we have omitted the A™ coordinate.
We now check that

¢ij = B Ad(ki)B70  and gy = ﬁk(kmk;lk;}j) (5.42)

The isomorphisms (; don’t play any role in the argument, so we omit them from
the notation and identify G; with x(G;). Let y € G; be an element represented by
a path z : [0,1] — FK/G;. Tt admits a lift Z : [0,1] — EK going from e to ey™'.
The element ¢;;(y) is represented by the path ¢ := 52-}1 : zkiglGj - 8, where §;; is the
projection of §;; in EK/G;. The lift of € in FK is given by € = 52-;11@-;1 . Zk‘i;l -&jyki;l.
We check that £(0) = e and &(1) = ekijy~'k;;' which gives us (5.42.a). Now, the
element g, is represented by the path n := ;' - 0;; - §;. Its lift in EK is given by
i =0, k- 0kt - Osnkiky . We check that 7(0) = e and 7j(1) = ekjyki;k;;! which
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gives us (5.42.b).

We have checked the formulas (5.40) on every individual simplex of 7. The choices
can made in a compatible way over all the simplices of 7', so we have proven the result.
OJ

If we are given a collection of subgroups of K, we can do the following useful
variation on Definition 5.7.

Definition 5.14 Let K be a topological group and F a collection of subgroups (i.e.
a set of subgroups, closed under conjugation). Let Jr be a set of representatives of
the conjugacy classes in F.

Then one defines B K by replacing Jx by Jr everywhere in Definition 5.7. Sim-
ilarly, one defines ErK — BrK.

One then has the following straightforward generalizations of Theorems 5.11.

Theorem 5.15 Let J be the poset of isomorphism classes of finite groups, K a topo-
logical group and F a collection of subgroups. Then, for any J-stratified space X, the
assignment [ — [*|ExK| provides a bijection

Homotopy classes of Isomorphism classes of
J-stratified maps — K -quotient structures on X (5.43)
X — |B£K]. with stabilizers in F.

O
Assume now that F is a family of subgroup (i.e. if it’s closed under conjugation
and under taking subgroups). Then then |ErK]| is a classifying space for F:

Proposition 5.16 The space |EfK|" is contractible for H € F and empty other-
wise.

The proof is identical to that of Proposition 5.12. 0
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Chapter 6

Global quotients

The purpose of this chapter is to show that every orbispace (F, X) where X is compact
is a global quotient by a compact Lie group K. Namely, there exists a K-space Y
such that (F, X) is isomorphic to [Y/K]| := (Y x EK)/K,Y/K). It turns out that
it’s easier to answer the question if we relax the condition that K be a Lie group. In
that case, we can prove the result even when X is non-compact.

6.1 A convenient group
Let U be the inductive limit of unitary groups
U :=lim U(n!) (6.1)

where the inclusions U(n!) — U((n + 1)!) are given by A — A ® Id, 41 (See [12], [1],
[15] for other occurrences of this group.) By Bott periodicity m;(U(n)) = 0 for even
i and Z for odd 4, as long as i < 2n. The inclusion U(n!) < U((n + 1)!) induces
multiplication by n + 1 on m; so we conclude that

0 ifiis even
mi(U) s ( (n )) {@ if ¢ is odd. (6:2)

The group U can also be defined as a colimit of all the U(n)’s where the colimit is
instead indexed by the lattice N, ordered by divisibility.

Let (E, X) be an orbispace represented by a map f : X — Orb. It is of the form
[Y/U] if and only if there is a lift up to homotopy

|BU (6.3)

7 lm

X —1-|orb|

where W is the map described in Proposition 5.13.
For technical reasons, it will be useful to replace |BU| by another space mapping
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to it. Let F be the family of finite subgroups of U which are embedded by their
regular representation A : G — U(n) — U. We have

Lemma 6.1 For any group G € F, the map Ny(G) — Aut(G) is surjective.

Proof. Let A : G — U(n) — U denote the regular representation. The action of
Aut(G) on G induces a permutation representation p : Aut(G) — U(n) — U which
normalizes A(G). Clearly, p is a section of the map Ny (G) — Aut(G) so that map is
surjective. ]

Let B£U be as in Definition 5.14 and let Sing(BzU) be the simplicial set obtained
by applying level-wise the singular functor, and then taking the diagonal (i.e. the
“geometric realization” functor from bisimplicial sets to simplicial sets). Note that
a map into Sing(BzU) is the same thing as a BgU-valued cocycle as described in
Definition 5.10.

Lemma 6.2 Let U be the composite

~ Sing ¥
¥ : Sing(B£U) < Sing(BU) ——— Sing(Orb) = Orb, (6.4)

and let TP : Sing(B£U)? — Orb® be the map between opposite simplicial sets. Then
WP 4s a stratified fibration.

Proof. To show that U is a stratified fibration, we replace the usual lifting diagram
by its opposite

Aln, j]P — Slng BrU) (6.5)
| s
A[n]oP Orb.

Since A[n]? = A[n] and A[n, j]°” = Aln,n — j], we can replace (6.5) by

A[fa jl— Sijlg(fo) (6.6)
N v

where A[n, j| — A[n] now satisfies the opposite condition to that in Definition 4.32.
Namely, j > 0 or the Oth and 1st vertices of A[n] are in the same stratum.

To check (6.6), we do a case by case analysis, similarly to the proof of Lemma
5.2. We have an Orb-valued cocycle ¢ = {G;, ¢i;, giji} on An], a BU-valued cocycle
d ={H,;, ki;} on Aln, j], and they satisfy () = c|am,j)- Namely

G = k(H,;) ¢ij = BjAd(ki) B Gijk = ﬁk(kikkiglkj_kl)a (6.7)

where x and 3; are as in (5.40). We want extend ¢’ to the whole A[n] while preserving
(6.7).
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Ifn=1and j =1 we let Hy € Jr be the unique group isomorphic to GGy. The
group H}, := B ¢:;50(Hy) belongs to F because it’s a subgroup of H;. By Lemma
6.1, any isomorphism between groups of F can be obtained by conjugating by an
appropriate element of U. So we may pick ko; € U such that Ad(ko1)|u, = 87" b5
This defines a BrU-valued cocycle by viewing ko, as a constant function on Al

If n=1, 5 =0 and ¢y, is invertible, we can run the same argument as above with
b0 playing the role of ¢p;.

If n =2, j =2, we extend kgp and k5 to the whole A% while preserving (6.7.b).
We then solve (6.7.c) for ko;. We now check (6.7.b) for ko;:

61Ad(k01)50_1 = 61Ad(]f1_21 By (9012) k02>60 = B Ad(k 1_21) 62_1Ad(9012) Ba Ad(k02)50
= 51Ad(k1_21) By 1Ad(9012) Po2 = 61Ad(k12 ) By ¢12 bo1

= BiAd(k1y") By b1z 8187 ' dor = Bi1Ad(kiy ) Ad(ki2) By dor = dor-
(6.8)

If n=2,j =1, we extend ko; and k1o to A%, preserving (6.7.b). We solve (6.7.c)
for kg and check (6.7.b):

Bo Ad(ko2) By = BoAd(B5 " (gor2)kra ko1) By " = Ba B3 " Ad(gor2) B2 Ad(k12) Ad (ko) 55"
= Ad(go12) ¢12 51 Ad(kor) By = Ad(go12) dr12 do1 = doa.

If n=2,j =0, and ¢, is invertible, we extend kg1, koo to A2, preserving (6.7.b),
solve (6.7.c) for k12 and check (6.7.b):

By Ad(kr2) Byt = 52Ad(52_1(9()_112)7€027fo_11)5f1 = 0o By ' Ad(go,5) B2 Ad(ko) Ad (ko' ) 51
= Ad(gom) Po2 Bo Ad(koy )/61 Ad(go_llz) P02 ¢01 = ¢12.

If n > 3, we extend k;,, to the whole A™ while preserving (6.7.b) and let k;; =
k:]nﬁ (gwn) - They satisfy (6.7.b) by the same computation as (6.8), so we just
check (6.7.c):

= Ad(k:,;nl) 651 Grkn(Gijk) = Gijk-

This finishes the proof that U is a stratified fibration. O

6.2 Orbispaces are global quotients

We begin by a couple of technical lemmas. Let C be the category whose objects are
J (see Definition 5.1) and whose morphisms are injective homomorphisms modulo
conjugacy in the target Home(G, H) := Mono(G, H)/H.
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Lemma 6.3 Let v be the projection

v:0rb— NC (6.9)

gwen by {Gi, bij, giji} — {Gi,[¢i]} and let x € |NC| be a point. Then the fiber
lv|7Y(x) is a K(A,2)’s for some finite group A.

Proof. We first show that v is a stratified fibration. Once more, we write down the
lifting problem
Aln, j] — Orb (6.10)

A[n]"; NC.

So we are given groups G; and morphisms ¢;; € Home(G;, G;), satisfying g =
Y12 101. We also have a compatible Orb-valued cocycle {G}, ¢ij, gijr} on Aln, j|. We
want to extend it to the whole A[n] preserving the relation ¢;; = [¢;;]. We do it case
by case:

If n =1, we can take ¢y, to be any representative of ;.

If n = 2, we pick a representative ¢y, of e, where k¢ is the edge not in Aln, j].
Since [¢o2] = [p12][P01], we can pick an element goi2 such that ¢oz = Ad(go12)P12 Por-

If n =3, j # 3 we can solve (5.3) for the missing g;;.

If n=j, j =3 and ¢93 is invertible, we can solve (5.3) for goiz.
This finishes the proof that v is a stratified fibration. By Theorem 4.38, |v| is a
stratified fibration of spaces so by Corollary 4.24, it then enough to identify the
homotopy type of the fibers of |v| over the vertices of |Orb].

Let G € J be a group and x € NC be the corresponding vertex. The fiber v~ (x)
is the the simplicial set given by

(V_l(x))n = {{Gi, dij, gijk Yijk=0.m ‘ G; =G, [¢;] = 1}. (6.11)
It can easily be checked that (6.11) is a fibrant simplicial set and that it’s only non-
trivial homotopy group is m = Z(G). O

Lemma 6.4 Let C and D be two categories and f : C — D be a functor such that
for every X € Ob(D), the category f~1(X) is a groupoid. Let x = (o,y) € |[ND| be
a point, where o € (ND),, is a non-degenerate and y € A" and let o* f denote the

pullback
0c*NC — NC

o

Aln] —2= ND.

Then | f|~Y(x) is homeomorphic to the realization of the simplicial set of section of
o*f.

Proof. Even if f : NC — ND is not a stratified fibration, the argument of Lemma
4.36 goes through. Indeed, the only place where that assumption is used, is in order
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to find a lift of (4.60). In our case, we have to solve

Alr] x Aln] o*NC (6.12)

Altr +1)(k + 1) — 1] —= Aln].

The lift A[(r+1)(k+1)—1] — ¢*NC exists (and is unique) because of our assumption
on the fibers of f. d

Lemma 6.5 Let Gr be the category of finite groups and monomorphisms and C be

the category of finite groups and monomorphisms modulo conjugacy in the target
Home (G, H) := Homg, (G, H)/H. Let p: Gr — C be the projection functor. Given a

diagram o = (Go & G4 L n) in Gr and its image & := p(a) in C, we let q
and q be the maps

q : Aut(a) — Aute,(Go) and  q:Aut(a) — Aute(Gy). (6.13)
For ¢ € Aute,(Gy) we then have
¢ € Im(q) < p(¢) € Im(q). (6.14)

Proof. Clearly ¢ € Im(q) = p(¢) € Im(q), so we assume that p(¢) € Im(g). Let
{t; € Aute(G;)} an automorphism of @ such that 1y = p(¢) and let v; be lifts of v
in Gr. Make sure that ¢y = ¢. Since ¥; p(j;) = p(Jji) Yi_1, there exist elements g; € G;
such that ; j; = Ad(g;)j; i—1. This is best described by the diagram

Go—2-G—2=Gh— o =G,

| | | _

T T T

G()—.>G1—.>G2— —>Gn.
I J2

Let h; € G; be the elements inductively defined by ho = 1 and h; = j;(hi-1) g; ! The
automorphisms ¢; := Ad(h;) 1; € Aut(G;) satisfy
;i i = Ad(h;) ¥y j; = Ad(ji(hi—1)g; ") Ad(gi) ji i
= Ad(ji(hi=1)) Ji Vi1 = Ji Ad(hi—1) Yio1 = Ji i1,

which shows that {¢;} is an element of Aut(a). Since ¢y = ¢, this also shows that
¢ € Im(q). O

We can now state the main theorem of this section.

Theorem 6.6 Let U = lim U(n!) be the group given in (6.1) and let (E,X) be an
orbispace. Then there exists a U-space Y such that (E, X) is equivalent to [Y/U].
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Proof. By Theorem 5.4 it is enough to solve the problem for (E, X) = (| Eomw|, |Orb|).
Let
U BU — Orb (6.15)

be the map (5.40) representing the functor Y +— [Y/U]. By Theorem 5.11, finding a
U-space Y such that (E, X) ~ [Y/U] is the same thing as finding a homotopy section
of |].

Let F be the family of finite subgroups which are embedded via a multiple of their
regular representation, and let Sing(BzU) be as in Lemma 6.2. Since |Sing(BzU)|
maps to |[BU], it’s enough to find a section of

U : Sing(B#U) — Orb. (6.16)

Having a section of ¥ is the same thing as having a section of U°". Lemma 6.2
checks that this map is a stratified fibration of simplicial sets and by a simplicial set
analog of Theorem 4.29, the obstructions to the existence of a section of (6.16) lie in
the cohomology groups H***(Orb, 7 (F)).

So we need to understand the homotopy type of the fibers of ¥. Taking opposites,
and applying the singular functor doesn’t change the homotopy type, so these fibers
are homotopy equivalent to the fibers of

Given a group G € J, let F' denote the fiber of W over the corresponding vertex
of |Orb|. It’s the simplicial set given by

Fn = {{qu kij}i,j:o..n K(HZ) = G, 6JAd(kZJ)ﬂz_1 = Idg, 6k<kzkk;1k]_k1) = 1} (618)

There is the unique H € F isomorphic to G, so all the H; are equal to H. The k;;
centralize H and satisfy kikkiglkj_kl =1, so F isomorphic to B(Zy(H)).

Now, given a representation p : H — U(n), is well known that Zy,(H) is iso-
morphic to a product U(ny) x --- x U(n,.), where the n; are the multiplicities of the

irreducible representations p; occurring in p. Taking the limit to infinity, we get that
Zy(H) ~ U". We have therefore identified the fibers of Uz as

F = B(Zy(H)) ~ B(U"). (6.19)

Combining (6.19) with (6.2), we also get that 7, (F) = Q" for even k and 0 otherwise.
In our case, we also know that p is the regular representation of H so we see that
Teven (F) is the free Q-vector space on the set of irreps of H. Using character theory,
this can also be rewritten as

Toaa(£7) = 0, Teven(F) = Q[H]", (6.20)

where H acts on Q[H] by conjugation. Given a monomorphism H — H’ the corre-
sponding map on fibers is induced by the inclusion Zy(H') — Zy(H). The homo-
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morphisms Teven (F”') — Teven(F) is then the pullback @[H’]Hl — Q[H]".

In order to finish the proof, we now need to compute the obstructions groups
H*(Orb; Teven (F')), and show that they all vanish. Let A be the sheaf meyen (F), used
to define the above cohomology group (see Definition 4.28 and Example 4.27). More
concretely, if x = (o,t) € |Orb| is a point, where o = {Gi, ¢;;, gijx} is an n-simplex

and t € A", we can write down the stalk of A at = as
A, = Q[G]°°.

Let C be the category whose objects are J (see Definition 5.1) and whose mor-
phisms are injective homomorphisms modulo conjugacy in the target. We compute
H**1(Orb, A) using the Leray Serre spectral sequence

HP(INC; HO( fibers of [v]; A)) = HP*9(|Orbl; A) (6.21)

associated to the map (6.9). The sheaf A is constant along the fibers of |v| and it’s
stalks are rational. So by Lemma 6.3, the spectral sequence (6.21) collapses and we
get

H*(INC[; A) = H"(|Orb|; A). (6.22)

Now we compute (6.22) using the Leray Serre spectral sequence
HP(INJ|; H( fibers of |ul; A)) = HPTY(INC|; A) (6.23)

associated to the map pu: NC — NJ (as usual, J is the poset of isomorphism classes
of finite groups).

Given a point x € |NJ|, in the interior of some simplex Gy < ... < G,, we let G,
be the groupoid whose objects are the diagrams Gy — ... — G,, in C. By Lemma 6.4,
we know that |u|™1(z) = |NG,|. In particular, the connected components of |u|™(z)
are in bijection with the isomorphism classes of diagrams Gy — ... — G,. Since
the objects of G, have finite isomorphism groups, and since finite groups have trivial
rational cohomology, we get that

%/ — _ Aut(a
H (5 (), A) = HO(u™}(2), A) = an (QIGo] )™ . (6.24)
isomorphism
classes of diagrams in C
a=(Gp—...—Gn)
So the spectral sequence (6.23) collapses, and we get
H*(|Orb|; A) = H*(INC|; A) = H*(|NJ|,B), (6.25)

where B is the sheaf whose stalks are given by (6.24). By Lemma 6.5, we can rewrite
these stalks as
B, = &y Q[G] A8, (6.26)

isomorphism
classes of diagrams in Gr
a=(Gp—...—Gn)
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where Gr is the category of finite groups and monomorphisms.

Let Z be simplicial set given by
Zy, = {iso. classes of (g € Gy — Gi — ... — Gy) }, (6.27)

and let Z(n) be the connected component of Z where g that order n. To each k-
simplex 0 = [g € Gy — ... — Gi| € Zx(n), we can associate a (k+1)-simplex o, :=
lg € (g) = Gy — ... = G| € Zpy1(n) satistying do(o;) = o and diq1(04) = d;i(0).
These simplices assemble to a map

Cone(Z(n)) — Z(n), (6.28)

thus providing a homotopy between Id;(,) and the constant map at [1 € Z/nZ] €
Z(n). In particular, this shows that Z(n) is contractible. We have shown that Z is a
disjoint union of contractible connected components, and in particular that

H*(Z;Q)=0  for *>0. (6.29)
Now let’s try to compute H*(Z; Q) using the Leray Serre spectral sequence
HP(|NJ|; HY fibers of |£;Q)) = HY(|Z];Q). (6.30)

associated to the projection & : Z — NJ. Once again, we let x € |[N]J| be a point
in the interior of some simplex Gy < ... < G, and we try to understand the fiber
€|~ (z). Clearly this fibers is discrete, so we get

H (@), Q =B(E (). Q)= P © (6.31)

iso. classes of
QEGO;’”-(_)Gn

We now observe that the right hand sides of (6.26) and (6.31) are equal to each
other. So we can assemble (6.25) and the collapsing spectral sequence (6.30) to get

H*(|Orb|; A) = H*(|NJ|,B) = H(Z,Q) =0 for x> 0. (6.32)
We have shown that are obstruction groups are all zero, which finishes the proof. [

As a corollary to our theorem, we get that every compact orbispace is a global
quotient by the action of a compact Lie group.

Corollary 6.7 Let (E, X) be an orbispace such that X is compact. Then there exists
a compact Lie group K and a K-space Y such that (E,X) ~ [Y/K].
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Proof. Let f : X — |Orb| be the map classifying (£, X). By Theorem 6.6, there exists
a lift (up to homotopy)

|BU|
7 l
XJ>|%I .

Since X is compact and |BU| = lim |BU(n!)|, the map f factors at some finite stage.
The resulting map X — |BU(n!)| classifies a U(n!)-space Y such that (E, X) ~
[Y/U(n)]. O

If (E,X) is a compact orbifold, then the U(n!)-space Y such that (E,X) ~
[Y/U(n!)] is automatically a manifold. So we have also proven that every compact
orbifold is the quotient of a compact manifold by a compact Lie group.

6.3 Enough vector bundles

There is an interesting connection between global quotients by compact Lie groups
and (finite dimensional) vector bundles on orbispaces.

Definition 6.8 An orbispace p : E — X has enough vector bundles if for every
subspace X' C X and every vector bundle V on (E', X') := (p~"(X), X), there exists
a vector bundle W on (E, X) and an embedding V — W |z xv).

Theorem 6.9 Letp: E — X be a compact orbispace (i.e. X is compact). Then the
following are equivalent:

1. (E,X) is a global quotient by a compact Lie group.
2. (E,X) has enough vector bundles.

3. There exists a vector bundle W on (E, X) such that for every point y € E, the
action of w1 (F) on W, is faithful. Here F = p~'(p(y)) stands for the fiber of y.

Proof. We first show 1. = 2. Let Y © K be such that (£, X) ~ [Y/K],andlet Y/ C Y
be the K-invariant subspace corresponding to X’ C X. Let V be a vector bundle on
(E, X) and let V be the corresponding K-equivariant vector bundles on Y. It is well
known that any equivariant vector bundle V on a compact space Y’ embeds in one
of the form Y’ x M, where M is a representation of K. Let W be the vector bundle
on (F, X) corresponding to Y x M — Y. Since V embeds in YV x M]y, the bundle
V embeds in Wgr x1), as desired.

We show 2. = 3. Suppose that (£, X) has enough vector bundles, and let
{U;} be a finite cover of X such that (p~'(U;),U;) ~ [Vi/G;i]. Let M; be faithful
representations of Gy, and let V; be the vector bundles on (p~!(U;), U;) corresponding
to Y; x M; — Y;. Since M, is faithful, the isotropy groups of (p~1(U;), U;) act faithfully
on the fibers of V;. Let W; be vector bundles on (E, X) such that V; — W;| g/ x+), and
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let W := @ W;. Clearly, the isotropy groups of (E, X) act faithfully on the fibers of
w.

We now show 3. = 1. Let (P, P/~) be the total space of the frame bundle of W.
It has no isotropy groups, and so it’s equivalent to the space Y := P/~. The fibers
of P — Y are contractible and P has a free action of the orthogonal group O(n). So
E = P/O(n) is a Borel construction for Y ©O(n). Similarly X = Y/O(n). We have
identified (F, X) with the global quotient [Y/O(n)], which finishes the proof. O

Corollary 6.10 Compact orbispaces have enough vector bundles.

Proof. By corollary 6.7, all orbispaces are global quotients by compact Lie groups. U
As a consequence of Corollary 6.10, we can prove excision for K-theory.

Proposition 6.11 Letp: E — X be a compact orbispace and let (F, A) := (p~1(A), A)
and (E', X") := (p~YX"), X') be two sub-orbispaces and let (F', A’) be the intersection
of (F,A) and (E', X"). Let V! =Vj © V] be a Z/2-graded vector bundle on (E', X')
and f': V| pr ay — V|, 4y be an isomorphism.

Then there ezists a 7./2-graded vector bundle V on (E, X) and an isomorphism
I Volira)y = Vilr,a) such that (V. f)| (e xn) represents the same class as (V', f') is
the relative K-theory group K°((E', X"), (F', A")). More precisely (V, )| x) is the
sum of (V', f') and (Z © Z,1dz|#r a1y), for some vector bundle Z on (E', X').

Proof. Let V! = Vj & V/ and f be as above. By Theorem 6.9, we can find a vector
bundle V; on (E, X) such that Vj < Vp|gr x7y. Let Z be the orthogonal complement
of Vi in Vo|(gr xy. We build Vi by gluing Vp|(r ) and V/ ® Z along the map

fel
Volr,ary = (Vo ® 2)|r.any —— (V] @ Z)| (5 a0

We then let f be the natural map between Vy|(p .4y and Vi|(ga). It is clear that (V, f)
has the required properties. O

Remark 6.12 Theorem 6.9 still holds for Lie orbispaces (with identical proof), but
Corollary 6.10 is not true any more. So we cannot use finite dimensional vector
bundles in order to define K-theory of Lie orbispaces. One should instead use bundles
of Z/2-graded Hilbert spaces equipped with odd self-adjoint Fredholm operators.

6.4 Contractible groups

Recall the group U = limU(n!) from (6.1) and the family F of subgroups embedded
via their regular representation. There are two main properties of U and F used in the
proof of Theorem 6.6. The first one is that for any G, H € F and any monomorphism
G — H there exists an element k € U such that Ad(k)|qc = f (see Lemma 6.1).
The second one is that the centralizers Z;;(H) are rational spaces for all H € F (see
equations (6.19) and (6.20)).

The idea is that, from the point of finite groups, these centralizers behave as if
they were contractible. This motivates the following definition.
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Definition 6.13 A topological group K is contractible with respect to a family F if
for every groups G, H € F and every monomorphism f : G — H, the space

{ke K|Ad(k)|c=f} (6.33)
18 contractible.

As one might expect, it is easy to build contractible groups:

Proposition 6.14 Let K be a topological group and F a family of subgroups. Then
there exists a group K' containing K, which is contractible with respect to the family
generated by F.

Proof. Each time we find a non-trivial map from a sphere into one of the spaces (6.33),
we add a cell to kill it. We then freely generate a groups, modulo the relation that
Ad(k)|q = f for all points k in that cell. This process terminates by the small object
argument. U

Another example of contractible group is the unitary group of an infinite dimen-
sional Hilbert space:

Example 6.15 Let H be a countably infinite dimensional Hilbert space. Let U(H)
be it group of unitary automorphisms, and let F be the family of finite (or compact
Lie) subgroup G such that each irrep of G appears infinitely many times in H. Then
U(H) is contractible with respect to F.

Indeed, let f : G — H be a monomorphism between elements of F, and consider
the space (6.33). Since f is injective, the inclusion G < U(H) and the map f are
equivalent representations of G, hence (6.33) in non-empty. The space (6.33) carries a
simply transitive action of the centralizer Zy ) (G) ~ (U(H))". By Kuiper’s theorem
21], the group U(H) is contractible. Therefore Zy (1) (G) is contractible, and so is
the space (6.33).

If we replace U by a group which contains all finite groups, and which is con-
tractible with respect to them, them the proof of Theorem 6.6 goes through. As in
Lemma 6.2, the map

Sing BK'| — |Orb| (6.34)

is a stratified fibration, and its fibers are B(Zx(H)) as in (6.19). By (6.33), these
fibers are contractible, and so the map (6.34) is a stratified homotopy equivalence.
Since |Sing BK| maps to |[BK| and |BK| maps to |Orb|, we also get that

|BEK| = [Orbl (6.35)

as stratified spaces. This suggests the following improvement of Theorem 6.6.

Theorem 6.16 Let K be a group and let F be the family of its finite subgroups.
Suppose that every finite group is isomorphic to an element of F, and that K is
contractible with respect to F.

95



Then the natural functor from (K, F)-spaces to the category of orbispaces and rep-
resentable maps (i.e. injective on stabilizer groups) is an equivalence of topologically
enriched categories.

Proof. Let Ok denote the category of orbits K/G for G € F and K-equivariant maps
between them. Let Og-spaces be the category of continuous contravariant functors
Ok — spaces. By Elmendorf’s theorem [8], the categories of (K, F)-spaces and Ok-
spaces are topologically equivalent. The functor K-spaces — Og-spaces is given by

Y — (K/G — MapK(K/G,Y)) (6.36)
and its homotopy inverse is the bar construction
F— B(F,Ok,1) (6.37)

where ¢ is the inclusion Ok — K-spaces.

Let repr be the category of orbispaces and representable maps, and consider the the
full subcategory of “orbipoints” BG := (K (G, 1), pt). Taking the standard simplicial
model for BG and using the realization of the simplicial mapping space instead of all
continuous maps, we obtain an equivalent subcategory B. Its morphisms are given
by

Homg(BG, BH) = (Mono(G, H) x EH) /H. (6.38)

Let B-spaces be the category of continuous contravariant functors B — spaces. One
has two functors similar to (6.36) and (6.37) given by

(B, X) +— (BG = Map,, (BG, (E,X))) (6.39)

and
F— B(F,B,.), (6.40)

where ¢ is the inclusion B < repr. It is important that we only have monomorphisms
in (6.38), otherwise the right hand side of (6.40) would fail the third condition of
Theorem 3.5, and therefore wouldn’t be an orbispace!. The proof of Elmendorf’s
theorem applies, and we get that the functors (6.39) and (6.40) are homotopy inverses.

In order to show that K-spaces and repr are equivalent, it’s enough to show that
Ok-spaces and B-spaces are equivalent. To see that, we compare the categories Ok
and B. The hom-spaces in O are given by

Homo, (K/G,K/H) = {k € K| Ad(k)G C H}/H. (6.41)

By (6.33), the space {k € K|Ad(k)G C H} is homotopy equivalent to the set of
monomorphisms from G to H. So (6.41) and (6.38) are homotopy equivalent.

We have shown that Ok and B are homotopy equivalent categories. Therefore,
the same holds for Og-spaces and B-spaces, and also for K-spaces and repr. O

Remark 6.17 The statement in Theorem 6.16 still holds if we replace finite groups

'We should also replace right hand side of (6.40) by a stratified fibration.
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by any class of topological groups that admits a set of representatives.
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